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ABSTRACT 
Fixed Point Theorems for Multi-valued Mappings in Cone Metric 
Spaces 
In this thesis, we present a variety of results for multivalued mappings in cone metric 
spaces. We establish some fixed point results in tvs-cone, cone, G-cone and cone b-
metric spaces, with contractive conditions of various types. We also prove some results 
in ordered cone metric spaces for set-valued mappings with weak contractions. The 
novelty of the results is due to non-normality condition on under consideration cone of a 
Banach space. Our results are independent of the remarks presented in literature on 
metric spaces with normal cones. In all of the results we use the generalized Hausdorff 
distance on closed subsets of a given complete cone metric space. We provide various 
examples to function spaces, applications in homotopy theory, and differential inclusions 
for the existence of  solutions and fixed points. 
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Chapter 1 
Introduction 
This chapter provides a history of fixed points of multivalued operators-
specifically, fixed point results in tvs-cone/cone metric spaces. The inspirations
and motivations have been described in order to emphasize the usefulness of the
results proved in the thesis. A summary of the achievements and discoveries are
discussed for the benifit of the readers.
1.1 Historical Background
Let M be a set, τ a selfmap of M. Then a point t belongs to M is a fixed point of
τ if τ(t) = t.
While utilizing the topological techniques in the study of differential equations,
the French mathematician Poincare began the study of fixed points. Liouville
developed the method of successive approximations in 1837, and Picard presented a
systematic approach in 1890. Bohl [40] presented a result in 1904. The famous
Brouwer fixed point theorem [42] was given in 1912. The theorem states that: ”If
τ : B → B is a continuous function and B is a ball in Rn, then τ has a fixed
point.” This theorem simply guarantees the existence of a solution. It provides no
information about whether or not the solution is unique, nor how to determine
a solution. For example, if τ : [−1, 1]→ [−1, 1] is given by
τ(t) = t3
then;
τ(0) = 0, τ(−1) = −1 and τ(1) = 1
that is, τ has 3 fixed points.
Several proofs of the Brouwer Theorem have been given. Most of them are topo-
logical in nature. A classical proof due to Birkhoff and Kellog was given in 1922. The
Brouwer Theorem gives no information about the location of fixed points. However,
effective methods have been developed to approximate the fixed points. Such tools
are useful in calculating zeros of functions. This theorem is not true for all spaces.
For example, ”if B is a unit ball in an infinite dimensional Hilbert space and τ : B
→ B is a continuous function, then τ need not have a fixed point”. This example
was given by Kakutani [75] in
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1941. The first fixed point theorem for an infinite dimensional Banach space was giv-
en by Schauder [81] in 1930. The theorem is states: ”If B is a compact, convex subset
of a Banach space X and τ : B → B is a continuous function, then τ has a fixed
point.”
This theorem has had many applications in approximation theory, game theory and
other scientific areas like engineering, economics and optimization theory. The
compactness condition on B is a very strong one and most of the problems
in analysis do not have a compact setting. It is natural to try to prove the theorem
by relaxing the condition of compactness. Schauder presented the following
theorem: ”If B is a closed bounded convex subset of a Banach space X and τ :
B → B is continuous map such that τ(B) is compact, then τ has a fixed
point.” The above theorem was generalized to locally convex topological vector
space(tvs) by Ty-chonoff [115] in 1935 and states: ”For a given compact convex
subset B of a locally convex topological vector space X, if τ : B → B is a
continuous map, then f has a fixed point.” A further extension of Tychonoff’s
theorem was given by Ky Fan [85]. A very interesting useful result in fixed point
theory is due to Banach, and is known as the Banach contraction principle [30].
Recall that a map τ : M →M is a contraction map if
d(τm, τn) ≤ kd(m,n),
where M is a metric space, m,n ∈ M and 0 ≤ k < 1. Every contraction map is a
continuous map, but a continuous map need not be a contraction map. For example,
τ(m) = m is a continuous map but it is not a contraction map. The method of
successive approximations introduced by Liouville in 1837, and systematically de-
veloped by Picard in 1890, culminated in formulation by Banach of the contraction
principle that bears his name (BCP), which states: ”If X is a complete metric space
and f : X → X is a contraction map, then f has a unique fixed point or τx = x has
a unique solution.”
The BCP is important as a source of existence and uniqueness theorems in different
branches of the sciences. This theorem provides an illustration of the unifying
power of functional analytic methods and the usefulness of fixed point theory in
analysis. A mapping T is called a Kannan map [76] if there exists a constant
α∈[0,1/2) such that
d(Tm, Tn) ≤ α [d(m,Tm) + d (m,Tm)] .
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The main difference between contraction and Kannan mappings is that contractions
are always continuous, whereas Kannan mappings are not necessarily continuous. An-
other type of contractive condition, due to Chatterjea [43], is based on an inequality
analogous to Kannan mappings as follows: There exists an α∈[0,1/2) such that
d (Tm, Tn) ≤ α [d (m,Tn) + d (n, Tm)] .
In 1969 Nadler [95] extended the result of Banach to the case of multivalued map-
pings by using the Hausdorff metric on closed and bounded subsets of a given metric
space. Those results were followed by a plethora of fixed point papers dealing
with theoretical results, applications, or both. Many researchers like Agarwal [6,
7, 8, 9], Beg and Azam [21, 25, 26, 33, 34, 36], Edelstein [56], Hu [64, 65, 66],
Jungck [3], Kannan [76], Kirk [18], Rhoades [4, 5], Suzuki [113], Takahashi [89],
and a number of authors contributed to both aspects of the field of fixed point
theory-theoretical and applications.
Cone metric spaces were defined by a Serbian mathematician Duro Kurepa in
his PhD thesis, under the name of abstract metric spaces. Kurepa [80] was
student of the French mathematician Mourice Frechet [58, 59], who introduced the
notion of metric spaces. After that Kurepa’s spaces were named K-metric spaces and
generalized properly many times in different names and ways (see [67, 99, 100, 102]).
The cone metric spaces have many applications, and it is worth noting that Schroder
[110, 111] explored some applications of cone normed spaces to numerical analysis.
More applications appear in [51, 74, 92, 96].
Huang and Zhang [67], in 2007, systematically defined the notion of cone metric
spaces with normal cones apparently unaware that this concept already existed in the
literature. They considered a partial order in a real Banach space with respect to
a cone and define basic notions like convergence and continuity and established
some fixed point results in cone metric spaces. Rezapour and Hamlbarani extended
these results to the case of non-normal cones and explore a new direction. However
many equivalences were presented between normal cone metric spaces. Many
authors contributed in this field to extend and generalize classical results as well as
obtaining new results (see [9, 17, 20, 21, 22, 24, 45, 46, 61, 74, 83, 102, 103, 105]).
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In 2009 Beg et al. [24] introduced the notion of tvs (Topological vector space
valued) cone metric spaces to generalize these concepts in a broad way. Many con-
tributions can be found in this direction. In the papers [47, 84, 86, 104, 109], the
authors investigated the results concerning fixed points of set mappings for the case
of cone metric spaces. In [47] Seong et al. defined the generalized Hausdorff dis-
tance in a cone metric space and proved results for multivalued mappings. Shatanawi
et al. [109] generalized these results to tvs-cone metric spaces. However, all of
the results presented in the literature [47, 84, 86, 104, 109] for the case of multi-
valued mappings in cone metric spaces are restricted to Banach contractions. We
have extended these results by using different contractive conditions for multivalued
mappings in cone metric spaces with non-normal cones.
1.2 Layout of the Thesis
This thesis contains a variety of fixed point and common fixed point results
for multivalued mappings in tvs-cone, cone, G-cone and cone b-metric spaces in in
order to emphasize and highlight the importance and applicability of fixed point theory. It is
well known that the results in cone metric spaces with non-normal cones are indeed
generalizations of the corresponding classical results and cannot be reduced to results
already known for metric spaces. All of the results presented in this thesis are concerned
with the tvs/cone metric spaces associated with non-normal cones. Some new notions
have been introduced to generalize or extend many classical results. Some applications
to homotopy theory, differential equations, integral equations and differential inclusions
are given to illustrate the importance of our results. Some nontrivial examples are
given to established the validity of results in function spaces.
This thesis contains six chapters. Each chapter is research oriented and provides
a gateway into a new spectrum of ideas and concepts in the generalized spaces. The
motivations behind chapters one and two are to describe a brief history, introduc-
tion and some preliminary results.
In chapter two some preliminary results are given to explore the notion of a cone
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metric space. The most important section ”Why non-normal cones?” explains the
novelty of the results. It has been shown, by examples, that the cone metric need
not be a continuous function. We have also shown that the sandwich theorem may
fail to exist, when dealing with non-normal cones. Many remarks on cone metric
fixed point theorems have been presented by many authors in the literature. Some
authors have used a norm function to find the equivalence of metric with cone met-
ric and vice versa. Many author used the Minkowski’s functional to demonstrate
the equivalence between metric and cone metric spaces. We have shown that both
techniques are not valid when dealing with non-normal cones.
Chapter three is divided into two sections. In the first section we generalize the
fixed point results of Suzuki and Kikkawa [78] for globally contractive multivalued
mappings. We use the generalized Hausdorff (distance) function on closed subsets
of a given cone metric space. In certain application it may happen that contractive
conditions fail to hold for the whole space. To overcome this situation, we may
choose a subspace (closed or complete) in which the contractive conditions hold.
Using this principle we generalize the results of Mot and Petrusel [91] for locally
contractive multivalued mappings. To validate the usefulness of our results, we have
provided an application to homotopy theory regarding fixed points (Theorem 3.1.5).
Some examples are also furnished. In second section of chapter three we generalize
a remarkable result of Edelstein for common fixed points of a sequence of locally
contractive multivalued mappings. We establishe examples to validate our results.
In Chapter four we introduce a new notion of multivalued mappings satisfying
the lower bound property, by using the fact that partially ordered sets may have
lower bounds. However, the existence of an infimum in a tvs-cone metric space
with non-normal cones is not guaranteed. Thus we define this notion concerned
with lower bounds, to establish the existence of multivalued operator. Before that,
many results were presented in literature regarding fixed points of multivalued
operators in cone metric spaces but only for Banach/Nadler type contractions. We
first time presented the results for multivalued mappings of Kannan and Chatterjea
type contractions. This is a gateway to explore theory in this direction in a broad way.
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At the end, a Zamfirescu type result is proved as a corollary and an example in
function spaces is given to justify this result.
The existence of fixed points of multivalued operators in partially ordered sets
has been considered in chapter five. We used generalize Hausdorff distance function
and weak contractions to establish the existence of fixed points. We introduced the
notion of a class of continuous and monotone mappings. By using these mappings, we
define the weak contractions and proved fixed point results for approximative values
(AV), comparable approximative values (CAV) and upper (lower) approximative val-
ues UCAV (LCAV) multivalued mappings in cone metric space endowed with partial
order. We generalized the results of Hong [63]. The idea behind the existence of fixed
points for multivalued mappings in ordered cone metric space is that, it can only exist
when we impose the condition that every closed set is the proximal set,i.e. the best
approximation in each closed set exists for any point in the space. An interesting
example with graph is presented in this chapter which shows the existence of the
sequences that are neither increasing nor non-increasing but convergent to a unique
point, this help us to present the work in more general way for comparable elements.
We prove the existence of a certain type of a differential inclusion, by mean of our
main result and Michael selection theorem [88].
Chapter six is divided into two sections, the first section is devoted to fixed point
results of multivalued operators in cone b-mtric spaces, while the section two is con-
cerned with the fixed point results in G-cone metric spaces. The first section provides
a result regarding generalization of Mizoguchi and Takahashi’s result in cone b-metric
space for multivalued mappings. We explain in an example that cone b-metric space
is larger class than cone metric space and find the fixed points to evaluate the impor-
tance of our results. In section two we invented the Hausdorff distance function on
closed subsets of G-cone metric space to find the fixed points of multivalued mappings.
This provides a gateway to work in this direction. To emphasize the novelty we have
shown that the remarks presented on G-metric and G-cone metric for single valued
mappings are not applicable in our results. Examples are provided for validation of
results and nullification of remarks.
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1.3 Conclusion
In the present thesis we generalize or extend some results presented in literature for
multivalued mappings in tvs-cone, cone, G-cone and cone b-metric spaces to enhance
the applications of fixed points in these spaces and overcome on many flaws lying
in these spaces. For this we define some new notions to deal the ordered structure
of non-normal cones in finding the fixed points. We presented many examples and
applications to support our results. Our results are independent from the remarks
already presented in the literature.
1.4 Research Publications
This thesis is based upon the following articles published/submitted in reputed
international journals indexed in Science Citation Index(ISI).
1. Azam, A., & Mehmood, N. (2013). ”Multivalued fixed point theorems in
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2. Azam, A., & Mehmood, N. (2013) ”Fixed point theorems for multivalued map-
pings in G-cone metric spaces. Journal of Inequalities and Applications”, (2013)(1),
1-12.
3. Azam, A., Mehmood, N., Ahmad, J., & Radenovi, S. (2013). ”Multivalued fixed
point theorems in cone b-metric spaces. Journal of Inequalities and Applications”,
2013(1), 1-9.
4. Mehmood, N., Azam, A., & Koinac, L. D. (2015). ”Multivalued fixed point
results in cone metric spaces. Topology and its Applications”, 179, 156-170.
5. Mehmood, N., Azam, A., & Beg, I. (2014). ”Fixed points of Edelstein-type
multivalued maps. Rendiconti del Circolo Matematico di Palermo” (1952-), 63(3),
399-407.
6. Mehmood, N., Azam, A., & Koinac, L. D,. ”Multivalued Rψ,φ-weakly contrac-
tive mappings in ordered cone metric spaces with applications”. (submitted).
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Chapter 2 
Preliminaries 
 
This section contains definitions of notations, terminology and fundamental
ideas which appear in this thesis.
2.1 Cone Metric Spaces
Let us denote by E a real Banach space and P ⊂ E. The zero element of E is
denoted by θ. We say that P is a cone of E if and only if:
(i) P is a closed subset of E and P is not be singleton set {θ};
(ii) For any real a, b ≥ 0, and for any m,n ∈ P we have am+ bn ∈ P ;
(iii) P ∩ (−P) = {θ}.
For a given cone P of a real Banach space E, define a partial order ” 4 ” in E
with respect to P by m 4 n ⇔ n − m ∈ P ; m ≺ n means that m 4 n and m 6= n,
while m  n stands for n − m ∈ int(P), where int(P) is the interior of the P . A
solid cone P is one with non-empty interior.
Definition 2.1.1. ([67]) Let M be a non-empty set. A function ρ : M ×M → E is
said to be a cone metric if the following conditions hold:
(i) θ 4 ρ(m,n) for all m,n ∈M and ρ(m,n) = θ if and only if m = n;
(ii) ρ(m,n) = ρ(n,m) for all m,n ∈M ;
(iii) ρ(m, l) 4 ρ(m,n) + ρ(n, l) for all m,n, l ∈M .
A set M with cone metric ρ is called a cone metric space(CMS). If we replace
condition (iii)
with the following: for s ≥ 1,
(iv) ρ(m, l) 4 s [ρ(m,n) + ρ(n, l)] for all m,n, l ∈M,
then the set M, with the function ρ satisfying (i), (ii) and (iv), is called cone b-
metric space.
The following example demonstrate the fact that the collection of cone b-metric
spaces is a larger class than the class of CMS.
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Example 2.1.1. Suppose that M = [0, 1] and E = R1[0, 1] with norm ‖f‖ = ‖f‖∞
+‖f ′‖∞ , and
P = {m ∈ E : θ  m}, where θ(t) = 0 for all t ∈M,
then P is a non-normal cone. Define ρ : M ×M → E as follows:
(ρ (m,n)) (t) = |m− n|p et, for p > 1,
Then (M,ρ) is cone b-metric space but not a CMS. To see this, for m,n, l ∈ M, set
u = m− l, v = l − n, so m− n = u+ v. From the inequality,
(a+ b)p≤ (2 max{a, b})p ≤ 2p(ap + bp), for all a, b ≥ 0,
we have
|m− n|p et≤ 2p(|m− l|p et + |l − n|p et)
which implies that
ρ(m,n) 4 r[ρ(m, l) + ρ(n, l)] with r = 2p > 1.
But
|m− n|p et ≤ |m− l|p et + |l − n|p et,
is impossible for all m > l > n. Indeed, taking advantage of the inequality
(a+ b)p > ap + bp,
we have
|m− n|p et > |m− l|p et + |l − n|p et,
for all m > l > n. Thus triangular inequality in CMS is not satisfied.
The cone metric ρ in M generates a topology τρ. The basic neighborhoods of τρ
consist of the sets (open balls) Bρ(m, c) := {n ∈ M : ρ(m,n)  c}, m ∈ M , c ∈ E
with c θ. For m0 ∈M and r  θ we define the closed ball Bρ(m0, r) := {m ∈M :
ρ(m0,m) 4 r} in (M,ρ) with center m0 and radius r.
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Definition 2.1.2. ([102]) For a given cone metric ρ on M such that for m ∈M , and
for a sequence {ms} ⊂ M ,
(i) {ms} converges to m whenever for a given ε ∈ E with θ  ε, there is a natural
number s0 such that ρ(ms,m) ε for all s ≥ s0.We denote this by lim
s→∞
ms = m
or ms → m;
(ii) {ms} is a Cauchy sequence whenever for a given ε ∈ E with θ  ε, there is a
natural number s0 such that ρ(ms,mt) ε for all s, t ≥ s0;
(iii) In a complete cone metric space the convergence criteria are satisfied by every
Cauchy sequence.
Definition 2.1.3. A subset M1 of a CMS (M,ρ) is called closed if, for any sequence
{ms} ⊂M1 which converges to m, we have m ∈M1.
Recently in [24] Beg et al. initiated the study of a topological vector valued cone(tvs-
cone) metric space by defining basic concepts and proved some common fixed
point results. In the following definition E will denote an ordered tvs with cone P.
Definition 2.1.4. [24] Assume that M is a nonempty set. A vector valued func-
tion ρ :M ×M → E is called a (topological vector valued) tvs-cone metric if:
(i) θ 4 ρ(m,n) for all m,n ∈M and ρ(m,n) = θ ⇔ m = n;
(ii) ρ(m,n) = ρ(n,m) for all m,n ∈M ;
(iii) ρ(m, l) 4 ρ(m,n) + ρ(n, l) for all m,n, l ∈M.
The set M, with the above function ρ, is called a topological vector space
valued cone metric space (tvs-CMS).
Remark 2.1.1. [24] Every metric space is a cone metric space with normal cone P,
and a cone metric space defined in [67], is a particular case, of a tvs cone metric space
with P as a normal cone.
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The convergence of a sequence and related definitions for tvs are similar to those
defined above for the case of a cone metric space, and a tvs is complete if
every Cauchy sequence satisfies the completeness criteria.
In the sequel E will denotes a locally convex Hausdorff topological vector
space (for the case of a tvs-cone) and a real Banach space (for the case
of a cone metric space), Λ denotes the set of all non-empty closed sub-
sets of a tvs-cone (or cone) metric space (M,ρ), P denotes a non-normal
cone with non-empty interior.
The following properties of elements of E will often be used (for more details, see
[74, 109]).
PT1 If % 4 σ and σ  ς, then % ς.
PT2 If % σ and σ 4 ς, then % ς.
PT3 If % σ and σ  ς, then % ς.
PT4 If θ 4 % c for each c ∈ int(P), then % = θ.
PT5 If % 4 σ + ς for each ς ∈ int(P), then % 4 σ.
PT6 If % 4 ε%, for % ∈ P and ε ∈ [0, 1), we get % = θ.
PT7 If ε ∈ int(P), αs ∈ E with αs → θ in a locally convex E, then there exists an
s0 such that, for all s > s0, we have αs  ε.
As in [47, 109], let us denote for α ∈ E
s (α) = {β ∈ E : α 4 β},
and
s (m,M2) = ∪
n∈M2
s (ρ (m,n)) = ∪
n∈M2
{h ∈ E : ρ (m,n) 4 h} for h ∈ E and M2 ∈ Λ.
For M1,M2 ∈ Λ, we denote
s (M1,M2) =
(
∩
m∈M1
s (m,M2)
)
∩
(
∩
n∈M2
s (n,M1)
)
.
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Lemma 2.1.1. [47, 109] For a tvs− CMS(CMS) , we have:
(i) Let l,m ∈ E. If l 4 m , then s(m) ⊂ s(l).
(ii) Let m ∈ M and M1 ∈ Λ. If θ ∈ s (m,M1) , then m ∈ M1.
(iii) Let m ∈ P and let M1,M2 ∈ Λ and a ∈ M1. If m ∈ s (M1,M2) , then m ∈
s (a,M2) .
(iv) For all m ∈ P and M1,M2 ∈ Λ. Then m ∈ s(M1,M2) ⇔ we may find some
a ∈M1 and b ∈M2 satisfying ρ(a, b) 4 m.
Definition 2.1.5. [95] For a given metric space (M,ρ), with M1,M2 ⊆M, N(ε,M1)
and EM1,M2 are defined as follows:
N(ε,M1) = {w ∈M : ρ(w,m) < ε for somem ∈M1}, whereM1,M2 ∈ CB(M) and ε > 0,
EM1,M2 = {ε : M1 ⊆ N(ε,M2),M2 ⊆ N(ε,M1)},
where ρ(m,M1) = inf{ρ(m,n) : n ∈ M1}. The Hausdorff distance H on CB(M) is
defined by
H(M1,M2) = inf EM1,M2.
H is called a Hausdorff metric on M.
Remark 2.1.2. [109] For a tvs-CMS (M,ρ), if E = R and the cone P = [0,+∞),
then (M,ρ) is a metric space.
For M1,M2 ∈ CB(M), H(M1,M2) = infs(M1,M2), where H is the Hausdorff
distance given above.
We now discuss some basic results and definitions for a G−cone metric space as
defined in [37].
Definition 2.1.6. Let M be a non-empty set. Suppose a mapping G : M×M×M →
E satisfies:
14
(i) G(a, b, c) = 0 if a = b = c,
(ii) 0 < G(a, a, b), whenever a 6= b, for all a, b ∈M,
(iii) G(a, a, b) ≤ G(a, b, c), whenever b 6= c,
(iv) G(a, b, c) = G(a, c, b) = G(b, a, c) =. .........(Symmetric in all three variables),
(v) G(a, b, c) ≤ G(a, d, d) +G(d, b, c) for all a, b, c, d ∈M.
Then G is called a generalized cone metric on M, and (M,G) is called a G−cone metric
space (G-CMS).
The class of G− cone metric spaces is larger than the class of G−metric spaces.
Definition 2.1.7. In a symmetric G − cone metric space M , we have G(a, b, b) =
G(b, a, a) for all a, b ∈M :Note that G(m,n, n) ≤2 /3dG(m,n).But, in the case of
symmetric space M , we have dG(m,n) = 2G(m,n, n), for all m,n ∈M.
2.2 Why Non-normal Cones?
The whole novelty of the work is lying in the fact that the under consideration
cone is non-normal. First of all we need to know about normal cones to elaborate the
importance of non-normal cones.
Definition 2.2.1. [67] A cone P is called:
(i) a normal cone if inf{‖a+ b‖ : a, b ∈ P , ‖a‖ = ‖b‖ = 1} > 0;
(ii) a semi-monotone cone if ∃ K > 0 so that, for all a, b ∈ E, θ 4 a 4 b
implies ‖a‖ ≤ K‖b‖;
(iii) a monotone cone if, for all a, b ∈ E, θ 4 a 4 b implies ‖a‖ ≤ ‖b‖, i.e. it
is semi-monotone with K = 1.
The following lemma destablished an equivalent condition for a cone to be
normal.
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Lemma 2.2.1. [67] For a cone P in the Banach space E with the norm ‖·‖, following
are equivalent:
(i) P is normal;
(ii) for arbitrary sequences {ms}, {ns}, {ls} in E, (∀s) ms 4 ns 4 ls and lim
s→∞
(ms) = lim
s→∞
ls = m imply that lim (ns) = m;
(iii) P is semi-monotone;
Lemma 2.2.2. [67] Let (M,ρ) be a CMS, with cone P having normal constant K.
(i) Let {ms} and {ns} be sequences in M . Then {ms} converges to m and ns → n
if and only if ρ(ms, ns)→ ρ(m,n)(as s→∞).
(ii) Let {ms} be a sequence in M . Then {ms} converges to m if and only if
ρ(ms,m) → θ(s → ∞) and ρ(ms,m) → θ(s → ∞) ⇔ ‖ρ(ms,m)‖ → 0 as
s→∞.
Example 2.2.1. Let M = R and let E = R1(M) with norm
‖m‖ = ‖m‖∞ + ‖m′‖∞,
P = {m ∈ E : θ 4 m}, where θ(t) = 0 for all t ∈M. Then P is a non-nor-
mal cone[51]. Firstly, we see it by considering sequences:
ms =
{
e−st
s
}
and ns =
{
1
s
}
,
clearly
θ 4 ms 4 ns,
so that ns → θ as s→∞, but
‖ms‖ = max
t∈[0,1]
∣∣e−st
s
∣∣+ max
t∈[0,1]
∣−e−st ∣ = 1s + 1 > 1.
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s→∞
Hence ms 6→ θ. That is condition (ii) of Lemma 2.2.2 does not hold;i.e.,sandwich
theorem fails. Now consider
m (t) = t2 and n (t) = t3k+1 for k ≥ 1,
then
‖m‖ = max
t∈[0,1]
∣
t2
∣
+ max
t∈[0,1]
|2t| = 1 + 2 = 3
and
‖n‖ = max
t∈[0,1]
∣
t3k+1
∣
+ max
t∈[0,1]
∣
(3k + 1)t3k
∣
= 1 + 3k + 1 = 3k + 2.
As k ‖m‖ < ‖n‖ for n 4 m, for all k ≥ 1, and condition (iii) of lemma 2.2.1 does
not hold. Consider the sequences
ms(t) =
1 + sin st
s+ 2
, ns(t) =
1− sin st
s+ 2
, s ≥ 0.
in E. We have ms 6→ θ, ns 6→ θ, s→ +∞ in E. Since
‖ms‖ = ‖ms‖∞ + ‖m′s‖∞ = max
t∈[0,1]
∣∣1 + sin st
s+ 2
∣∣+ max
t∈[0,1]
∣∣s cos st
s+ 2
∣∣
=
2
s+ 2
+
s
s+ 2
= 1
and
‖ns‖ = ‖ns‖∞ + ‖n′s‖∞ = max
t∈[0,1]
∣∣1− sin st
s+ 2
∣∣+ max
t∈[0,1]
∣∣−s cos st
s+ 2
∣∣
=
2
s+ 2
+
s
s+ 2
= 1.
‖ns‖, ‖ms‖9 0. Therefore ms 9 θ and ns 9 θ in (E, ‖.‖). Further,
ms + ns =
2
s+ 2
→ θ in E,
since
‖ms + ns‖ = ‖ms + ns‖∞ + ∥(ms + ns)′∥∞
=
2
s+ 2
+ ‖θ‖∞
=
2
s+ 2
→ 0
However, θ  ms  ms + ns under the order in E, and ms + ns → θ but ms 9 θ.
Hence the cone P is not normal.
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Remark 2.2.1. From the above example we conclude the following:
(i) Since there exist sequences {ms} and {ns} in M such that ms → m and ns → n
as s → ∞, 6⇒ ρ (ms, ns) → ρ (m, n) , that is, the cone metric of a non-normal
cone may not be a continuous function.
(ii) For arbitrary sequences {ms}, {ns}, {ls} in E, (∀s) ms 4 ns 4 ls and lim
s→∞
ms =
lim
s→∞
ls = m may not imply lim
s→∞
ns = m; that is; the sandwich theorem fails to
exist in cone metric space with non-normal cones.
Many remarks have been presented to show that fixed point results on CMS with
normal cones are redundant work. Some authors have used the norm of a real Banach
space E (the range of a cone metric function) and some have used the Minkowski’s
functional to define an equivalent metric of the CMS. However these techniques are
valid only if the under lying cone is normal.
In articles ( see also the references there in [54, 60, 74, 99]) a functionD : M×M →
R is defined by
D(m,n) = ‖ρ(m,n)‖ .
In a CMS (M,ρ) becomes an equivalent metric if the underlying cone is normal.
For non-normal cones D does not satisfy the well known theorem (Sandwich the-
orem) of metric spaces. This was seen in the previous example, as D(ns, θ)→ 0,
and D(ms, θ) 9 0, although θ  ms  ns.
In some articles ( see also the references there in [54, 99]), the authors have used
the Minkowski functional to find an equivalent metric for the cone metric space. For
a locally convex tvs E, for e ∈ int(P), the non-linear scalarization functional ξe :
E → R is defined by
ξe (ω) = inf {r ∈ R : ω ∈ re− P} for all ω ∈ E.
Note that this norm is a particular example of the Minkowski functional.
The next example shows that the induced metric, using the Minkowski’s functional
from a cone metric space, is not an equivalent metric to given cone metric space,
when the underlying cone is non-normal.
18
Example 2.2.2. Let M = R and let E = R1(M). Then E, with norm
‖m‖ = ‖m‖∞ + ‖m′‖∞, has a
non-normal solid cone, (see [18]):
P = {m ∈ E : θ 4 m}, where θ(t) = 0 for all t ∈M.
Define
ρ(m,n)(t) = ‖m− n‖ et .
Then (M,ρ) is a complete cone metric space. Define D : M ×M → R as
D(m,n) = (ξe ◦ ρ) (m,n) .
D is a metric on M [54]. For e−t∈ int(P), we consider
the sequences
{
e−st
s
}
and ns =
{
1
s
}
.
Clearly
θ 4 ms 4 ns.
Then ns → θ as s→∞, but ms 6 →θ since
D(
e−st
s
, θ) = ξe((1 +
1
s
)et) = inf r ∈ R : (1 +
1
s
)et ∈ re−t − P
}
= 1 +
1
s
6 →0
This technique also fails for the case of non-normal cones and the deduced metric
is not continuous.
The same condition occurs in G-cone and cone b-metric spaces with non-
normal cones, which differentiate or generalize them from G-metric and b-metric
spaces, respectfully, due to the discontinuity of the cone metric with non-normal
cones and failure to satisfy the conditions of Lemmas 2.2.1 and 2.2.2 for normal
cones.
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Chapter 3 
Multivalued Fixed Point Theorems in Cone Metric Spaces 
 
 
3.1 Introduction
The Banach contraction theorem plays a fundamental role in fixed point theory
and has become even more important because being based on iteration, it can be
easily implemented on a computer. On the other hand, it cannot deduce the metric
completeness. To overcome this issue, in [112] Suzuki established a fixed point theo-
rem which generalized the Banach contraction theorem and characterized the metric
completeness. In [78] Kikkawa and Suzuki extended the main theorem of [112] for
the case of multivalued mappings as:
Theorem 3.1.1. [78]) Let ϕ : [0, 1) → (1
2
, 1] be the strictly decreasing function
defined by ϕ(t) = 1
1+t
. Let (M,ρ) be a complete metric space and F : M → CB(M)
be a multivalued map. Assume that there exists a ∈ [0, 1) such that
ϕ(a)ρ(m,Fm) ≤ ρ(m,n) =⇒ H(Fm,Fn) ≤ aρ(m,n)
for all m,n ∈M . Then there exists u ∈M such that u ∈ Fu.
In [91] Mot and Petrus¸el, presented the result of [78] for locally contractive map-
pings, in the context of complete metric spaces.
Theorem 3.1.2. ([91]) Let ϕ : [0, 1)→ (1
2
, 1] be a strictly decreasing function defined
by ϕ(t) = 1
1+t
. Let (M,ρ) be a complete metric space and F : M → CB(M) be a
multivalued map. Assume that there exist a ∈ [0, 1), m0 ∈M , and r > 0 such that
ϕ(a)ρ(m,Fm) ≤ ρ(m,n) =⇒ H(Fm,Fn) ≤ aρ(m,n)
for all m,n ∈ B(m0, r) and
ρ(m0, Fm0) ≤ (1− a)r.
Then u ∈ Fu for some u in B(m0, r).
In 2007, Huang et al. [67] introduced cone metric spaces with normal cone, and
generalized the metric spaces. Rezapour et al. [102] extended the results of [67]
for non-normal cone metric spaces. In recent years many authors have written fixed
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point papers in cone metric spaces and other generalizations of metric spaces (see
[1, 3, 15, 17, 19, 21, 22, 23, 24, 26, 27, 31, 32, 55, 60, 74]). Cho et al. [47] invented
the Hausdorff distance function on cone metric spaces and generalized the result of
[89] for multivalued mappings.
In this section we generalize the results of [78] and [91] by using the Hausdorff
distance function introduced in [47] for a cone metric. As an application a homotopy
result for locally contractive mappings in cone metric space is established. We also
have given examples to support our results.
3.1.1 Fixed Point Theorems in Cone Metric Space
The following lemma will be useful in the proof of the theorems in this section.
Lemma 3.1.1. Let (M,ρ) be a CMS. For m,n ∈M and y ∈ B ⊆M , if
ρ(m,n)  a
then a ∈ s(m,B).
Proof. Straightforward.
The following theorem is our first result of this section.
Theorem 3.1.3. Let ϕ : [0, 1) → (1
2
, 1] be the function defined by ϕ(t) = 1
t+1
. Let
(M,ρ) be a complete CMS and F : M → Λ be a multi-valued map. Assume that there
exists r ∈ [0, 1) such that
1
ϕ(r)
ρ(m,n) ∈ s(m,Fm) =⇒ rρ(m,n) ∈ s(Fm,Fn) (3.1.1)
for all m,n ∈M . Then there exists u ∈M such that u ∈ Fu.
Proof . Let m0 ∈M be an arbitrary element. Since Fm0 ∈ Λ, Fm0 is non-empty,
so that there exists some m1 ∈ Fm0. Since
ρ(m0,m1)  1
ϕ(r)
ρ(m0,m1)
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using Lemma 3.1.1, we get
1
ϕ(r)
ρ(m0,m1) ∈ s(m0, Fm0).
From 3.1.1 we have
rρ(m0,m1) ∈ s(Fm0, Fm1),
so by Lemma 2.1.1 there exists some m2 ∈ Fm1 such that
ρ(m1,m2)  rρ(m0,m1).
Now, since
ρ(m1,m2)  1
ϕ(r)
ρ(m1,m2),
again by Lemma 3.1.1 we get
1
ϕ(r)
ρ(m1,m2) ∈ s(m1, Fm1).
From 3.1.1 we have
rρ(m1,m2) ∈ s(Fm1, Fm2),
and again by Lemma 2.1.1, there exists some m3 ∈ Fm2 such that
ρ(m2,m3)  rρ(m1,m2).
Continuing this procedure we can find a sequence {mn} in M with mn+1 ∈ Fmn,
such that
ρ(mn,mn+1)  rρ(mn−1,mn).
For m > n we have
ρ(mn,mm)  ρ(mn,mn+1) + ρ(mn+1,mn+2) + · · ·+ ρ(mm−1,mm)
 [rn + rn+1 + · · ·+ rm−1]ρ(m0,m1)
 r
n(1− rm−n)
1− r ρ(m0,m1).
Since
rn(1− rm−n)
1− r ρ(m0,m1)→ θ,
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as m,n → ∞, then, for a given c  θ, by (PT1) and (PT6), one can find some m0
such that
rn(1− rm−n)
1− r ρ(m0,m1) c, for all m,n > m0.
Therefore
ρ(mm,mn)  r
n(1− rm−n)
1− r ρ(m0,m1) c, for all m,n > m0.
This means that {mn} is a Cauchy sequence in M . The completeness of M allows us
to find some u ∈ M such that mn −→ u. For c  θ, choose k(c) ∈ N such that for
n ≥ k(c) we have ρ(µ,mn+1) c2 , and ρ(mn, µ) c2r .
We now show that u ∈ Fu. Choose mn1 ∈ {mn} such that mn1 6= u. As mn → u,
there exists n0 ∈ N, such that
ρ(mn, µ)  1
3
ρ(µ,mn1) for all n ≥ n0.
Since mn+1 ∈ Fmn and
ϕ(r)ρ(mn,mn+1)  ρ(mn,mn+1)  ρ(mn, µ) + ρ(µ,mn+1)
 2
3
ρ(µ,mn1)  ρ(µ,mn1)− ρ(mn, µ)
 ρ(mn,mn1),
by Lemma 3.1.1 we get
1
ϕ(r)
ρ(mn,mn1) ∈ s(mn, Fmn),
which implies that
rρ(mn,mn1) ∈ s(Fmn, Fmn1).
Since mn+1 ∈ Fmn, by Lemma 2.1.1 we have
rρ(mn,mn1) ∈ s(mn+1, Fmn1),
so that there exists some mn2 ∈ Fmn1 such that
rρ(mn,mn1) ∈ s(ρ(mn+1,mn2)),
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and thus
ρ(mn+1,mn2)  rρ(mn,mn1).
From
ρ(µ,mn2)  ρ(µ,mn+1) + ρ(mn+1,mn2)
 ρ(µ,mn+1) + rρ(mn,mn1),
letting n→ +∞, we obtain
ρ(µ,mn2)  rρ(µ,mn1). (a)
Next we prove that
rρ(mn1 , µ) ∈ s(Fmn1 , Fµ) (recall that mn1 6= µ).
For each n ∈ N
ρ(µ,mn2)  ρ(µ,mn2) +
1
n
ρ(mn1 , µ). (b)
Since
ρ(mn1 ,mn2)  ρ(mn1 , µ) + ρ(µ,mn2),
using (a) and (b) we have
ρ(mn1 ,mn2)  ρ(mn1 , µ) + ρ(µ,mn2) +
1
n
ρ(mn1 , µ)
 ρ(mn1 , µ) + rρ(µ,mn1) +
1
n
ρ(mn1 , µ)
= (1 + r +
1
n
)ρ(mn1 , µ) for all n ∈ N.
Thus
1
(1 + r + 1
n
)
ρ(mn1 ,mn2)  ρ(mn1 , µ) =⇒
1
1 + r
ρ(mn1 ,mn2)  ρ(mn1 , µ);
it gives
ϕ(r)ρ(mn1 ,mn2)  ρ(mn1 , µ),
and by Lemma 3.1.1, implies that
1
ϕ(r)
ρ(mn1 , µ) ∈ s(mn1 , Fmn1).
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From the given assumption, we have
rρ(mn1 , µ) ∈ s(Fmn1 , Fµ).
Similarly (for mn2 ∈M \ {u}), we have
rρ(mn2 , µ) ∈ s(Fmn2 , Fµ),
and for each k ∈ N we obtain
rρ(mnk , µ) ∈ s(Fmnk , Fµ).
Since mnk+1 ∈ Fmnk we have
rρ(mnk , µ) ∈ s(mnk+1 , Fµ),
and, by Lemma 2.1.1, there exists a uk ∈ Fu such that
ρ(mnk+1 , uk)  rρ(mnk , µ).
Finally, if for some k ∈ N we have mnk = mnk+1 , then mnk is a fixed point of F .
Assume that mnk 6= mnk+1 for each k ∈ N. Then there exists some subset J (possibly
infinite) of natural numbers satisfying mnk 6= u∀nk ∈ J .
As {mnk} is a subsequence of {mn}, we have
ρ(µ, uk)  ρ(µ,mnk+1) + ρ(mnk+1 , uk)
 ρ(µ,mnk+1) + rρ(mnk , µ)
 c
for all nk ≥ k > k(c). Thus uk → u and, since Fu is closed, we have u ∈ Fu. 
The following consequence of Theorem 3.1.3 is a version of Nadler’s theorem [95].
Corollary 3.1.1. Let (M,ρ) be a complete CMS with cone P and F : M → Λ be a
multi-valued mapping. Assume that there exists an r ∈ [0, 1) such that
rρ(m,n) ∈ s(Fm,Fn)
for all m,n ∈M . Then there exists a u ∈M such that u ∈ Fu.
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The following corollary is Nadler’s theorem for multivalued mappings in complete
metric space.
Corollary 3.1.2. ([95]) Let (M,ρ) be a complete metric space and F : M → CB(M)
be a multivalued map. Assume, there exists an r ∈ [0, 1) such that
H(Fm,Fn) ≤ rρ(m,n)
for all m,n ∈M . Then there exists a u ∈M such that u ∈ Fu.
Example 3.1.1. Let M = {eiθ : 0 ≤ θ ≤ pi} , E = C1R[0, pi] with norm ‖f‖ =
‖f‖∞ + ‖f ′‖∞ , and define
P = {f ∈ E : f ≥ 0, on [0, pi]}.
Then P is a non-normal cone.
Define ρ : M ×M → E by
(ρ(eiθ1 , eiθ2))(t) =
√
(cos(θ1)− (cos(θ2))2 + (sin(θ1)− sin(θ2))2 · et
where 0 ≤ t ≤ pi. Then ρ is a complete cone metric on M . The mapping
F : M → Λ
defined by
F (eiθ) = Bρ(e
i θ
2 , 1)
which satisfies the hypothesis of Theorem 3.1.3. Taking r = 49
100
we obtain the fixed
point for F .
Remark 3.1.1. From an application point of view Theorem 3.1.3 is not completely
satisfactory, because it frequently happens that a mapping F does not satisfy condi-
tion 3.1.1 on the entire space M , but merely on a subset Y of M . However, if Y is
complete, F has a fixed point m in Y . In the following we obtain a result concerning
the existence of fixed points of a map satisfying a contractive condition on a subset
Bρ(m0, r) : = {y ∈M : ρ(m,n)  r} of a cone metric space M by imposing a subtle
restriction on the choice of m0 so that mn’s remain in Bρ(m0, r).
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Theorem 3.1.4. Let (M,ρ) be a CMS with a complete subspace Bρ(m0, r). Let
ϕ : [0, 1) → (0, 1
2
] be the function defined by ϕ(t) = 1
1+t
, and T : Bρ(m0, r) → Λ a
multivalued map. Assume that there exists an a ∈ [0, 1) such that
1
ϕ(a)
ρ(m,n) ∈ s(m,Tm) =⇒ aρ(m,n) ∈ s(Tm, Tn) (3.4)
for all m,n ∈ Bρ(m0, r). If
(1− a)r ∈ s(m0, Tm0), (3.5)
then there exists a v ∈ Bρ(m0, r) such that v ∈ Tv.
Proof . By (3.5) we have
(1− a)r ∈ s(m0, Tm0)
(1− a)r ∈
⋃
m∈Tm0
s(ρ(m0,m)).
Since Tm0 ∈ Λ, there exists some m1 ∈ Tm0 such that
(1− a)r ∈ s(ρ(m0,m1))
which implies that
ρ(m0,m1)  (1− a)r  r.
Hence m1 ∈ Bρ(m0, r).
From
ρ(m0,m1)  1
ϕ(a)
ρ(m0,m1),
and using Lemma 3.1.1 we get
1
ϕ(a)
ρ(m0,m1) ∈ s(m0, Tm0).
From (3.4) we have
aρ(m0,m1) ∈ s(Tm0, Tm1),
and, since m1 ∈ Tm0, we have
aρ(m0,m1) ∈ s(m1, Tm1).
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By Lemma 2.1.1 there is an m2 ∈ Tm1 such that
aρ(m0,m1) ∈ s(ρ(m1,m2)).
Therefore
ρ(m1,m2)  aρ(m0,m1),
which implies that
ρ(m1,m2)  a(1− a)r.
Consider
ρ(m0,m2)  ρ(m0,m1) + ρ(m1,m2)  (1− a)r + a(1− a)r = (1− a2)r ≺ r,
which implies that
m2 ∈ Bρ(m0, r).
As
ρ(m1,m2)  1
ϕ(a)
ρ(m1,m2),
by Lemma 3.1.1 we get
1
ϕ(a)
ρ(m1,m2) ∈ s(m1, Tm1).
From (3.4) we have
aρ(m1,m2) ∈ s(Tm1, Tm2),
since m2 ∈ Tm1, so that we have
aρ(m1,m2) ∈ s(m2, Tm2).
By Lemma 2.1.1 there exists an m3 ∈ Tm2 such that
aρ(m1,m2) ∈ s(ρ(m2,m3)),
that is
ρ(m2,m3)  aρ(m1,m2).
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Next
ρ(m0,m3)  ρ(m0,m1) + ρ(m1,m2) + ρ(m2,m3)
 (1− a)r + a(1− a)r + a2(1− a)r
= r − ar + ar − a2r + a2r − a3r
= (1− a3)r  r,
i.e., m3 ∈ Bρ(m0, r). Using mathematical induction we have a sequence {mn} in
Bρ(m0, r) such that, for all n = 0, 1, 2, · · ·
mn+1 ∈ Tmn
and
ρ(mn,mn+1)  anρ(m0,m1).
The remainder of the proof is similar to the proof of Theorem 3.1.3, so the details
will be omitted. 
The next result is an application of Theorem3.1.4 to homotopy theory. This is the
first result of this kind for cone metric spaces and the proof is quite different from the
existing proofs of homotopy results in fixed point theory for single-valued mappings.
Theorem 3.1.5. Let (M,ρ) be a complete CMS with cone P. Let V be an open
subset of M and H : [0, 1]× V → Λ be a multi-valued map satisfying:
(a) ξ /∈ H(µ, ξ), for each ξ ∈ ∂V and each µ ∈ [0, 1];
(b) H(µ, ·) : V → Λ is a multivalued map for which
1
ϕ(a)
ρ(ξ, ξ´) ∈ s(ξ,H(µ, ξ)) ⇒ aρ(ξ, ξ´) ∈ s(H(µ, ξ),H(λ, ξ´)) (i)
and
(1− a)r ∈ s(ξ˚,H(µ, ξ˚)), (ii)
for each µ ∈ [0, 1], ξ, ξ´ ∈ M and fixed ξ˚ ∈ M , where a, r and ϕ(a) are defined
as in Theorem 3.1.4;
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(c) there exists a continuous and nondecreasing function ψ : (0, 1]→ P satisfying
ψ(λ)− ψ(µ) ∈ s(H(λ, ξ),H(µ, ξ´)),
ψ(λ) ∈ ψ(µ) + P,
for λ, µ ∈ [0, 1] and ξ, ξ´ ∈ V .
Then H(0, ·) has a fixed point ⇔ H(1, ·) own a fixed point.
Proof . Let H(0, ·) have a fixed point (say) p, so that p ∈ H(0, p), and from (a),
p ∈ V .
Define
Γ := {(µ, ξ) ∈ [0, 1]× V : ξ ∈ H(µ, ξ)}.
Clearly Γ 6= ∅. We define a partial ordering in Γ as follows:
(µ, ξ) - (λ, ξ´)⇔ µ ≤ λ and ρ(ξ, ξ´)  2
1− a(ψ(λ)− ψ(µ)) := r.
It is sufficient to prove that Γ is closed. Ω be a totally ordered subset of Γ and
µ˚ = sup{µ : (µ, ξ) ∈ Ω}.
Consider a sequence {(µn, ξn) }
n≥0
in Ω such that, (µn, ξn) - (µn+1, ξn+1) and µn → µ˚
as n→∞. Then, for m > n, we have
ρ(ξm, ξn)  2
1− a(ψ(µm)− ψ(µn))→ θ, as n,m→∞,
which implies that {ξn} is a Cauchy sequence. The completeness of (M,d), allow us
to choose a ξ˚ ∈ M , such that ξn → ξ˚. We may take n0 ∈ N such that a given c θ
satisfies ρ(ξ˚, ξn) c2a and ρ(ξ˚, ξn) c2 for all n ≥ n0.
From the sequence {ξn} choose an arbitrary ξn1 ∈ M \ {ξ˚}. As ξn −→ ξ˚, there
exists some n0 ∈ N, such that
ρ(ξn, ξ˚)  1
3
ρ(ξ˚, ξn1)
31
for all n ∈ N with n ≥ n0. As ξn+1 ∈ H(µn, ξn) and
ϕ(a)ρ(ξn, ξn+1)  ρ(ξn, ξn+1)  ρ(ξn, ξ˚) + ρ(ξ˚, ξn+1)
 2
3
ρ(ξ˚, ξn1)  ρ(ξ˚, ξn1)− ρ(ξn, ξ˚)
 ρ(ξn, ξn1),
by Lemma 3.1.1 it follows that
1
ϕ(a)
ρ(ξn, ξn1) ∈ s(ξn,H(µn, ξn)).
This implies that there is a ξn2 ∈ H(µn1 , ξn1) such that
aρ(ξn, ξn1) ∈ s(ρ(ξn+1, ξn2)),
that is
ρ(ξn+1, ξn2)  aρ(ξn, ξn1).
Since
ρ(ξ˚, ξn2)  ρ(ξ˚, ξn+1) + ρ(ξn+1, ξn2)
 ρ(ξ˚, ξn+1) + ρ(ξn+1, ξn2)
 ρ(ξ˚, ξn+1) + aρ(ξn, ξn1),
letting n→ +∞ we obtain
ρ(ξ˚, ξn2)  aρ(ξ˚, ξn1).
We prove that
aρ(ξn1 , ξ˚) ∈ s(H(µn1 , ξn1),H(µ˚, ξ˚)).
For each n ∈ N,
ρ(ξ˚, ξn2)  ρ(ξ˚, ξn2) +
1
n
ρ(ξn1 , ξ˚).
As
ρ(ξn1 , ξn2)  ρ(ξn1 , ξ˚) + ρ(ξ˚, ξn2)
 ρ(ξn1 , ξ˚) + ρ(ξ˚, ξn2) +
1
n
ρ(ξn1 , ξ˚)
 ρ(ξn1 , ξ˚) + aρ(ξ˚, ξn1) +
1
n
ρ(ξn1 , ξ˚)
= (1 + a+
1
n
)ρ(ξn1 , ξ˚)
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for all n ∈ N, we have
1
1 + a
ρ(ξn1 , ξn2)  ρ(ξn1 , ξ˚),
which implies that
ϕ(a)ρ(ξn1 , ξn2)  ρ(ξn1 , ξ˚).
Using Lemma 3.1.1, it implies
1
ϕ(a)
ρ(ξn1 , ξ˚) ∈ s(ξn1 ,H(µn1 , ξn1)).
From the assumption of the theorem, we have
aρ(ξn1 , ξ˚) ∈ s(H(µn1 , ξn1),H(µ˚, ξ˚)).
Similarly, we conclude that
aρ(ξnk , ξ˚) ∈ s(H(µnk , ξnk),H(µ˚, ξ˚))
for each k ∈ N. Since ξnk+1 ∈ H(µnk , ξnk) we have
aρ(ξnk , ξ˚) ∈ s(ξnk+1 ,H(µ˚, ξ˚)).
By Lemma 2.1.1 choose some ξ˚n ∈ H(µ˚, ξ˚) so that
ρ(ξnk+1 , ξ˚n)  aρ(ξnk , ξ˚).
Then
ρ(ξ˚, ξ˚n)  ρ(ξ˚, ξnk+1) + ρ(ξnk+1 , ξ˚n)
 ρ(ξ˚, ξnk+1) + aρ(ξnk , ξ˚)
 c
2
+
c
2
= c for all n ≥ n0.
Thus ξ˚n → ξ˚ ∈ H(µ˚, ξ˚) and, since H(µ˚, ξ˚) ∈ Λ), ξ˚ ∈ V . Therefore (µ˚, ξ˚) ∈ Γ. Thus
(µ, ξ) - (µ˚, ξ˚) for all (µ, ξ) ∈ Ω, which means that (µ˚, ξ˚) is an upper bound of Ω. Let
(µ˚, ξ˚) be the maximal element in Γ by using Zorn’s lemma.
To prove µ˚ = 1, suppose that µ˚ < 1 and let r  θ and µ ≥ µ˚, satisfy
Bρ(ξ˚, r) ⊂ V, where r = 2
1− a(ψ(µ)− ψ(µ˚)).
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Using (c) we have
ψ(µ)− ψ(µ˚) ∈ s(H(µ, ξ),H(µ˚, ξ˚))
ψ(µ)− ψ(µ˚) ∈ s(ξ˚,H(µ, ξ))
for ξ˚ ∈ H(µ˚, ξ˚). So there exists some ξ ∈ H(µ, ξ) such that
ψ(µ)− ψ(µ˚) ∈ s(ρ(ξ˚, ξ)).
Hence
ρ(ξ, ξ˚)  (1− a)r
2
≺ (1− a)r.
Using (ii) in (b) we get that the multi-valued mapping H(µ, ·) : B(ξ˚, r) → CL(M)
satisfies all of the conditions given in Theorem 3.1.4 for all µ ∈ [0, 1]. Therefore, for
all µ ∈ [0, 1] there exists a ξ ∈ Bρ(ξ˚, r) such that ξ ∈ H(µ, ξ). Thus (ξ, µ) ∈ Γ. From
ρ(ξ, ξ˚) ≺ r = 2
1− a(ψ(µ)− ψ(µ˚)),
we have (µ˚, ξ˚) - (µ, ξ), which is impossible. Thus, µ˚ = 1 and hence, H(·, 1) must
have a fixed point. The converse can be proved similarly. 
3.2 Fixed Points of Edelstein-typeMultivaluedMaps
In [56] Edelstein prove the following result for a locally contractive mapping:
Theorem 3.2.1. Let M be a complete ε-chainable metric space and f : M → M is
an (ε, λ)-uniformly locally contractive mapping, then F has a fixed point.
In [95, Theorem 6] Nadler generalized this result for multivalued mappings in the
following way:
Theorem 3.2.2. Let M be a complete ε-chainable metric space and F : M →
CB (M) be an (ε, λ)-uniformly locally contractive mapping. Then F has a fixed point.
A generalizations of Nadler’s theorem [95, Theorem 5] for globally contractive
mappings was presented by Mizoguchi and Takahashi [89, Theorem 5] as:
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Theorem 3.2.3. Let (M,ρ) be a complete metric space. Let F : M → 2M be mul-
tivalued map, where Tm ∈ M , for all m ∈ M . If ϕ : (0,∞) → [0, 1) is a function
such that lim sup
r→t+
ϕ(r) < 1 ∀ t ∈ [0,∞), and, if
H(Fn, Fm) ≤ ϕ(ρ(n,m))(ρ(n,m)) for all n,m(m 6= n) ∈M,
then F has a fixed point in M.
Suzuki [113], provides an example to show that Theorem 3.2.3 is a generaliza-
tion of the result of Nadler[95]. In [56] the author remarked that globally contrac-
tive mappings can be considered as (∞, λ)-uniformly contractive mappings, which
depicts the novelty of the result. After the remarkable result of Nadler, many au-
thors generalized/extended the above mentioned results in various directions (see
[18, 26, 62, 65, 66, 79, 90, 107, 108, 113, 117]). One of the real generalization of the
above result of Nadler was presented by Hu in [64]. In [25] Azam and Arshad gen-
eralized the result of [64] for a sequence of multivalued locally contractive mappings
and generalized all above fabulous results we have discussed.
In [67] Huang and Zhang formally introduced a cone metric space with normal cone
as a generalization of a metric space. Rezapour and Hamlbarani in [102] presented
the results of [67] without assuming the normality of the cone. It is worth mentioning
non-normal cone are a real extension ( see [74]). In [47] Cho and Bae extended the
result of [89] for multivalued mappings to normal cone metric spaces. Subsequently
some authors generalized many results in this setting, without the assumption of
normality of the cone (see [27, 28, 29, 74, 82, 109]).
The aim of this section is to establish a theorem for finding the common fixed
points of a sequence of multi-valued locally contractive mappings in CMS and to
generalize the corresponding results in literature.
3.2.1 Fixed Points of Locally Contractive Mappings
Definition 3.2.1. A CMS (M,ρ) is called an ε-chainable cone metric space if, for
every m,n ∈ M, there exists an ε-chain for some θ  ε; that is a finite set of points
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m = m0,m1,m2, ...mk = n, (wherek may depend on both m and n) such that
ρ(mi−1,mi) ≺ ε, for i = 1, 2, 3...k.
Definition 3.2.2. Suppose (M,ρ) is a CMS. A mapping F : M → Λ is called an
(ε, λ)-uniformly locally contractive multivalued map provided that, if m,n ∈ M and
θ ≺ ρ(m,n) ≺ ε, then λρ(m,n) ∈ s(Fm,Fn), where θ  ε and 0 ≤ λ < 1.
We now present our main result.
Theorem 3.2.4. Let (M,ρ) be an ε-chainable complete CMS for some θ  ε, and
{Fi}∞i=1 be a sequence of multivalued mappings from M into Λ. If
µ, ν ∈M, θ ≺ ρ(µ, ν) ≺ ε implies that Θ(ρ(µ, ν))ρ(µ, ν) ∈ s(Fi(µ), Fj(ν)) (3.1)
for all i, j = 1, 2 . . . ., where Θ : K∗ → [0, 1) is a function such that
lim sup
n→∞
Θ(rn) < 1,
for any decreasing sequence {rn} in K∗, then there exists a point ν∗ ∈ M such that
{ν∗} ⊂ ∩∞i=1Fi(ν∗).
Proof. Choose a fixed ν0 in M. Then we can find a ν1 ∈ M such that ν1 ∈ F1(ν0).
Let
ν0 = µ
0
1, µ
1
1, µ
2
1, · · · , µm1 = ν1 ∈ F1(ν0),
be an ε- chain from ν0 to ν1. Rename ν1 as µ
0
2. Since µ
0
1 and µ
1
1 are consecutive
elements of an ε- chain, consider
Θ(ρ(µ01, µ
1
1))ρ(µ
0
1, µ
1
1) ∈ s(F1(µ01), F2(µ11)). (3.2)
Since µ02 ∈ F1(µ01), using Lemma 2.1.1 we obtain µ12 ∈ F2(µ11) such that
Θ(ρ(µ01, µ
1
1))ρ(µ
0
1, µ
1
1) ∈ s(ρ(µ02, µ12)).
It further implies
ρ(µ02, µ
1
2) 4 Θ(ρ(µ01, µ11))ρ(µ01, µ11)
≺
√
Θ(ρ(µ01, µ
1
1))ρ(µ
0
1, µ
1
1)
≺ ρ(µ01, µ11)
≺ ε.
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Since ρ(µ11, µ
2
1) ε,
Θ(ρ(µ11, µ
2
1))ρ(µ
1
1, µ
2
1) ∈ s(F1(µ11), F2(µ21)).
Since µ12 ∈ F2(µ11), using Lemma 2.1.1 we obtain a µ22 ∈ F2(µ21) such that
Θ(ρ(µ11, µ
2
1))ρ(µ
1
1, µ
2
1) ∈ s(ρ(µ12, µ22)).
Therefore
ρ(µ12, µ
2
2) 4 Θ(ρ(µ11, µ21))ρ(µ11, µ21)
≺
√
Θ(ρ(µ11, µ
2
1))ρ(µ
1
1, µ
2
1)
≺ ρ(µ11, µ21)
≺ ε.
Thus we have obtained a finite set of points µ02, µ
1
2, µ
2
2, · · · , µm2 such that µ02 ∈ F1(µ01)
and µj2 ∈ F2(µj1) for j = 1, 2, . . . .,m, with
ρ(µj2, µ
j+1
2 ) 4 Θ(ρ(µj1, µj+11 ))ρ(µj1, µj+11 )
≺ ρ(µj1, µj+11 )
≺ ε, for j = 1, 2, . . . .,m− 1.
Let µm2 = ν2. Then the set of points ν1 = µ
0
2, µ
1
2, µ
2
2, · · · , µm2 = ν2 ∈ F2(ν1) is an ε-
chain. Renaming ν2 as µ
0
3, and, following the same procedure, obtain an ε- chain
ν2 = µ
0
3, µ
1
3, µ
2
3, · · · , µm3 = ν3 ∈ F3(ν2),
then from ν2 to ν3. Inductively, we obtain
νn = µ
0
n+1, µ
1
n+1, µ
2
n+1, · · · , µmn+1 = νn+1 ∈ Fn+1(νn)
with
ρ(µjn+1, µ
j+1
n+1) 4 Θ(ρ(µjn, µj+1n ))ρ(µjn, µj+1n )
≺ ρ(µjn, µj+1n+1)
 ε, for j = 1, 2, . . . .,m− 1. (3.2.1)
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Consequently, we obtain a sequence {νn} of points of M with
ν1 = µ
m
1 = µ
0
2 ∈ F1(ν0),
ν2 = µ
m
2 = µ
0
3 ∈ F2(ν1),
ν3 = µ
m
3 = µ
0
4 ∈ F3(ν2),
...
νn+1 = µ
m
n+1 = µ
0
n+2 ∈ Fn+1(νn), for n = 0, 1, 2, . . . .
From (3.2.1) we see that {ρ(µjn, µj+1n ) : n ≥ 0} is a decreasing sequence in K∗.
Therefore using the definition of Θ,
lim sup
n→∞
Θ(ρ(µjn, µ
j+1
n )) = l < 1.
Choose a natural number n0 ∈ such that, for all n ≥ n0,
Θ(ρ(µjn, µ
j+1
n )) < l whenever n ≥ n0.
Then
ρ(µjn, µ
j+1
n ) 4 Θ(ρ(µjn−1, µj+1n−1))ρ(µjn−1, µj+1n−1)
4 max
{
n0
max
i=1
Θ(ρ(µji , µ
j+1
i )), l
}
ρ(µjn−1, µ
j+1
n−1)
4
(
max
{
n0
max
i=1
Θ(ρ(µji , µ
j+1
i )), l
})n
ρ(µj0, µ
j+1
0 ).
With
{
maxNi=1 Θ(ρ(µ
j
i , µ
j+1
i )), l
}
= λj, then λj < 1, for all j and for all n ≥ n0, we
have
ρ(νn−1, νn) = ρ(µ0n, µ
m
n ) 4
m−1∑
j=0
ρ(µjn, µ
j+1
n )
4
m−1∑
j=0
(λj)
n ρ(µj0, µ
j+1
0 ).
Thus
ρ(νn, νp) 4 ρ(νn, νn+1) + ρ(νn+1, νn+2) + · · ·+ ρ(νp−1, νp)
4
m−1∑
j=0
(λj)
n+1 ρ(µj0, µ
j+1
0 ) + · · ·+
m−1∑
j=0
(λj)
p ρ(µj0, µ
j+1
0 ).
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Taking the limit as n, p→∞, and using (PT3), one can find an m0 such that
m−1∑
j=0
(λj)
n+1 ρ(µj0, µ
j+1
0 ) + · · ·+
m−1∑
j=0
(λj)
p ρ(µj0, µ
j+1
0 )
 c, for all n, p > m0.
Thus
ρ(µm, µn) 4
m−1∑
j=0
(λj)
n+1 ρ(µj0, µ
j+1
0 ) + · · ·+
m−1∑
j=0
(λj)
p ρ(µj0, µ
j+1
0 )
 c, for all n, p > m0.
Which implies that {νn} is a Cauchy sequence. By using the completeness of M ,
νn → ν∗ ∈ M . Therefore we may choose an integer k > 0 such that n ≥ k implies
that ρ(νn, ν
∗) < c
2
. From 3.1.1 we have
Θ(ρ(νn, ν
∗))ρ(νn, ν∗) ∈ s(Fn+1(νn), Fj(ν∗)).
Using Lemma 2.1.1 we obtain a νk ∈ Fj(ν∗) such that
Θ(ρ(νn, ν
∗))ρ(νn, ν∗) ∈ s(ρ(νn+1, νk)),
which implies that
ρ(νn+1, νk) 4 Θ(ρ(νn, ν∗))ρ(νn, ν∗)
≺
√
Θ(ρ(νn, ν∗))ρ(νn, ν∗)
≺ ρ(νn, ν∗)
≺ ε.
Also
ρ(νk, ν
∗) 4 ρ(νk, νn+1) + ρ(νn+1, ν∗)
≺ ρ(νn, ν∗) + ρ(νn+1, ν∗)
 c for all n ≥ k.
Thus νk → ν∗ ∈ Fj(ν∗) since Fj(ν∗) is closed. Hence {ν∗} ⊂ ∩∞i=1Fj(ν∗).
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The next theorem is a consequence of the above result.
Theorem 3.2.5. Let (M,ρ) be an ε-chainable complete CMS for some θ  ε, and
{Fi}∞i=1 be a sequence of multivalued mappings from M into Λ. If there exist a µ ∈
[0, 1) such that
µ, ν ∈M, θ ≺ ρ(µ, ν) ≺ ε⇒ µρ(µ, ν) ∈ s(Fi(µ), Fj(ν)), for all i, j = 1, 2 . . . ,
then there exists a point ν∗ ∈M such that {ν∗} ⊂ ∩∞i=1Fi(ν∗).
Remark 3.2.1. A globally contractive mapping is an (ε, λ) uniformly locally contrac-
tive mapping for all ε ∈ int K, whereas converse is not true in general. This can be
seen in the Example in [95] (see also [56]).
Theorem 3.2.6. Let (M,ρ) be an ε-chainable complete cone metric space and let
z : M −→ Λ be a multivalued mapping. If there exists a function ϕ : K → [0, 1) such
that
lim sup
n→∞
ϕ(rn) < 1
for any decreasing sequence {rn} in K, and, if
m,n ∈M, θ ≺ ρ(m,n) ≺ ε implies ϕ(ρ (m,n))ρ (m,n) ∈ s (zm,zn)
for all m,n ∈ M , then T has a fixed point in M.
The above result improves or generalizes the results of [89, 95]. We furnished the
following example to support the main result.
Example 3.2.1. Let M = [0, 1] and E = C1R[0, 1] with norm ‖h‖ = ‖h‖∞+‖h′‖∞ and
P = {g ∈ E : θ 4 g}, where θ(t) = 0for all t ∈M.
Then P is a non-normal cone.
Define d : M ×M → E as follows:
(ρ (h, g)) (t) = |h− g| et.
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Define Fk : M → C(M) by
Fk (h) = [0,
h
pik
] k = 1, 2, 3 · · · .
As
s(Fk(h), Fj(g)) = s(
∣∣∣∣ hpik − gpij
∣∣∣∣ et), for all k, j = 1, 2, 3 · · · ,
and, since ∣∣∣∣ hpik − gpij
∣∣∣∣ et 4 1pi |h− g| et,
for Θ(t) = 1
pi
we have
Θ(ρ(h, g))ρ(h, g) ∈ s(Fk(h), Fj(g)) for k, j = 1, 2, 3 · · · .
Thus there exists a ν ∈ ∩∞i=1Fiν.
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Chapter 4 
Multivalued Fixed Point Theorems in tvs-Cone Metric Spaces 
 
 
4.1 Introduction
The notion of vector space-valued cone metric spaces (tvs-CMS), was introduced
by Beg et al. in [24], the authors developed some of the theory of such spaces and
obtained some fixed point results.
It is well known that Banach contractions, Kannan mappings and Chatterjea
mappings are independent in general. Zamfirescu [118] proved a fixed point theorem
which contains the results of Banach, Kannan and Chatterjea as a special cases.
These results have been extended in several directions [39, 72, 98, 106].
Some articles concerned with contraction theorems for set-valued mappings are
[47, 84, 86, 104, 109], In [47] the authors defined a generalized Hausdorff distance in
a cone metric space and proved several results for multivalued maps in such spaces.
Shatanawi et al. [109] generalized the above to the case of tvs-cone metric spaces.
However,all of these results in [47, 84, 86, 104, 109] for the case of multivalued map-
pings in CMS are restricted to Banach contractions. In this chapter we have extended
the results of Kannan and Chatterjea type contractions to set-valued mappings in
tvs-CMS. We have also extended the Zamfirescu theorem to multivalued mappings
in tvs-CMS.
4.2 Basic Definitions and Terminologies
Let T : M → Λ be a multivalued map. For m ∈M, A ∈ Λ, define
Wm(A) = {ρ(m, a) : a ∈ A}.
Thus, for m,n ∈M,
Wm(Tn) = {ρ(m,u) : u ∈ Tn}.
Definition 4.2.1. [45] Let (M,ρ) be a CMS. A set-valued map F : M → 2E is said
to be bounded from below if, for all m ∈M there exists a z(m) ∈ E such that
Fn− z(m) ⊂ P .
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Definition 4.2.2. Let (M,ρ) be a tvs − CMS. The multi-valued map T : M → Λ
is said to satisfy the lower bound property (l.b property) on M if, for any m ∈ M ,
the multi-valued mapping Fm : M → 2E, defined by
Fm(n) = Wm(Tn),
is bounded from below. This means that, for m,n ∈ M, there exists an element
`m (Tn) ∈ E such that
Wm(Tn)− `m (Tn) ⊂ P .
An `m (Tn) is called a lower bound of T associated with (m,n) . The symbol Lmn (T )
denotes the set of all lower bounds of T associated with (m,n) .Moreover,
⋃
m,n∈M
Lmn (T ) is
denoted by LM (T ) .
Definition 4.2.3. Let (M,ρ) be a tvs − CMS with a cone P . The multivalued
mapping T : M → Λ is said to satisfy the greatest lower bound property (g.l.b
property) on M if the greatest lower bound of Wm(Tn) exists in E for all m,n ∈M.
We denote by ρ(m,Tn) the greatest lower bound of Wm(Tn). That is,
ρ(m,Tn) = inf{ρ(m,u) : u ∈ Tn}.
4.3 Fixed Point Theorems in tvs-cone Metric Spaces
We now prove the following Kannan-type result for multi-valued mappings.
Theorem 4.3.1. Let (M,ρ) be a complete tvs-CMS and let T : M −→ Λ be a multi-
valued mapping having l.b property, if for each m,n ∈M there exist `m (Tm) , `n (Tn) ∈
LM (T ) and a k ∈ [0, 12) such that
k[`m (Tm) + `n (Tn)] ∈ s(Tm, Tn),
then, T has a fixed point in M.
Proof: Let m0 arbitrarily in M and choose m1 ∈ Tm0. By hypothesis
k[`m0 (Tm0) + `m1 (Tm1)] ∈ s(Tm0, Tm1),
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If k = 0, then
θ ∈ s (Tm0, Tm1) ,
and, by Lemma 2.1.1
θ ∈ s (m1, Tm1) = ∪
m∈Tm1
s (ρ (m1,m)) .
Thus there exists some m2 ∈ Tm1 such that
θ ∈ s (ρ (m1,m2)) .
Thus
ρ (m1,m2) = θ,
and m1 ∈ Tm1. Now assume that k 6= 0. Then by Lemma 2.1.1, we obtain
k[`m0 (Tm0) + `m1 (Tm1)] ∈ s (m1, Tm1) ,
and, there exists some m2 ∈ Tm1 such that
k[`m0 (Tm0) + `m1 (Tm1)] ∈ s (ρ (m1,m2)) .
Thus
ρ (m1,m2) 4 k[`m0 (Tm0) + `m1 (Tm1)].
As
Wm0(Tm0)− `m0 (Tm0) ⊂ P , Wm1(Tm1)− `m1 (Tm1) ⊂ P .
It yields, `m0 (Tm0) 4 ρ(m0,m1), `m1 (Tm1) 4 ρ(m1,m2), thus
ρ (m1,m2) 4 k[ρ(m0,m1) + ρ(m1,m2)].
Again by Lemma 2.1.1, we obtain
k[`m1 (Tm1) + `m2 (Tm2)] ∈ s (m2, Tm2) .
Thus, we can choose an m3 ∈ Tm2 such that
k[`m1 (Tm1) + `m2 (Tm2)] ∈ s (ρ (m2,m3)) .
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Then
ρ (m2,m3) 4 k[`m1 (Tm1) + `m2 (Tm2)].
Again using the fact
Wmi(Tmi)− `mi (Tmi) ⊂ P , i = 1, 2,
we have
ρ (m2,m3) 4 k[ρ(m1,m2) + ρ(m2,m3)].
Using mathematical induction, we can construct a sequence {ms} in M such that
ρ(ms,ms+1) 4 k[ρ (ms−1,ms) + ρ(ms,ms+1)], ms+1 ∈ Tms for s = 0, 1, 2, 3 · · · .
It follows that
ρ(ms,ms+1) 4
k
1− kρ (ms−1,ms)
4 ηρ (ms−1,ms)
≺ η2ρ (ms−2,ms−3) ≺ ...... ≺ ηnρ (m0,m1) ,
where η = k
1−k . Now for t > s, this gives
ρ(ms,mt) 4
ηs
1− ηρ (m0,m1) .
Since ηs → 0 as s → ∞, this gives us ηs
1−ηρ (m0,m1) → θ in E as n → ∞. From
(PT7) and (PT1), we have for every c ∈ E with θ  c we may choose a natural
number s1 such that ρ(ms,mt)  c for all t, s ≥ s1, so {ms} is a Cauchy sequence.
By completeness of (M,ρ), we have cone− lim
s→∞
ms = v ∈M . Hence, for every θ  c,
there exists a natural number k1 such that
2
1− kρ(ms, v) c,
2k
1− kρ(ms,ms+1) c for all s ≥ k1. (4.2.1)
We now show that v ∈ Tv. Consider
k[`ms (Tms) + `v (Tv)] ∈ s(Tms, T v).
As ms+1 ∈ Tms, it follows that
k[`ms (Tms) + `v (Tmv)] ∈ s (ms+1, T v) ,
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so there exists a us ∈ Tv such that
k[`ms (Tms) + `v (Tmv)] ∈ s (ρ (ms+1, us)) ,
which implies that
ρ (ms+1, us) 4 k[`ms (Tms) + `v (Tmv)]
4 k[ρ(ms,mn+1) + ρ(v, un)].
Therefore, using (4.2.1),
ρ(v, us) 4 ρ (ms+1, v) + ρ (ms+1, us)
4 ρ (ms+1, v) + k[ρ(ms,ms+1) + ρ(v, us)]
4 1
1− kρ (ms+1, v) +
k
1− kρ(ms,ms+1)
4 2
1− k
ρ (ms+1, v)
2
+
2k
1− k
ρ(ms,ms+1)
2
 c, for all s ≥ k1 = k1(c),
and the cone− lim
n→∞
us = v. Since Tv is closed, v ∈ Tv. 
In the following we provide a Chatterjea-type multivalued theorem.
Theorem 4.3.2. Let (M,ρ) be a complete tvs − CMS and let T : M −→ Λ be a
multi-valued mapping. If, for m,n ∈ M, there exist `m (Tn) , `n (Tm) ∈ LM (T ) and
a k ∈ [0, 1
2
)
such that
k[`m (Tn) + `n (Tm)] ∈ s(Tm, Tn),
then, T has a fixed point in M.
Proof: If k = 0, there is nothing to prove. Assume that k 6= 0 and let m0 be an
arbitrary point in M . Choose m1 ∈ Tm0. By hypothesis
k[`m0 (Tm1) + `m1 (Tm0)] ∈ s(Tm0, Tm1),
which implies that
k[`m0 (Tm1) + `m1 (Tm0)] ∈ s (m,Tm1) , for all m ∈ Tm0.
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As m1 ∈ Tm0,
k[`m0 (Tm1) + `m1 (Tm0)] ∈ s (m1, Tm1) .
Then we can find an m2 ∈ Tm1 such that
k[`m0 (Tm1) + `m1 (Tm0)] ∈ s (ρ (m1,m2)) .
Thus
ρ (m1,m2) 4 k[`m0 (Tm1) + `m1 (Tm0)].
Since
Wm0(Tm1)− `m0 (Tm1) ⊂ P , Wm1(Tm0)− `m1 (Tm0) ⊂ P ,
ρ (m1,m2) 4 k[ρ(m0,m2) + ρ(m1,m1)],
4 k[ρ(m0,m1) + ρ(m1,m2)],
4 k
1− kρ(m0,m1).
By the same argument we can choose an m3 ∈ Tm2 such that
k[`m1 (Tm2) + `m2 (Tm1)] ∈ s (ρ (m2,m3)) .
Then
ρ (m2,m3) 4 k[`m1 (Tm2) + `m2 (Tm1)].
Again using the fact
Wm1(Tm2)− `m1 (Tm2) ⊂ P , Wm2(Tm1)− `m2 (Tm1) ⊂ P ,
we have
ρ (m2,m3) 4 k[ρ(m1,m3) + ρ(m2,m2)]
4 k[ρ(m1,m2) + ρ(m2,m3)]
4 k
1− kρ(m1,m2).
By mathematical induction we construct a sequence {ms} in M such that
ρ(ms,ms+1) 4
k
1− kρ (ms−1,ms) for s = 0, 1, 2, 3...
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If η = k
1−k ,then η < 1, and we have
ρ(ms,ms+1) 4 ηρ (ms−1,ms)
≺ η2ρ (ms−2,ms−3) ≺ ...... ≺ ηsρ (m0,m1) .
For t > s, we have
ρ(ms,mt) 4
ηs
1− ηρ (m0,m1) .
Since ηs → 0 as s→∞, ηs
1−ηρ (m0,m1)→ θ in E as s→∞. From (PT7) and (PT1),
for every θ  c, we may choose a natural number k2 such that ρ(ms,mt) c for all
t, s ≥ k2. Thus {ms} is Cauchy sequence. From the completeness of (M,ρ) we have
cone− lim
s→∞
ms = v ∈M . Therefore, for every θ  c, we can choose a number k3 such
that
2 (1 + k)
1− k ρ (ms+1, v) c,
2k
1− kρ(ms, v) c for all s ≥ k3. (4.2.2)
We now show that v ∈ Tv. For this consider
k[`ms (Tv) + `v (Tms)] ∈ s(Tms, T v).
It follows that
k[`ms (Tv) + `v (Tms)] ∈ s (ms+1, T v) , since ms+1 ∈ Tms.
So there exists a us ∈ Tv such that
k[`ms (Tv) + `v (Tms)] ∈ s (ρ (ms+1, us)) ,
and
ρ (ms+1, us) 4 k[`ms (Tv) + `v (Tms)].
Using the fact that
Wms(Tv)− `ms (Tv) ⊂ P , Wv(Tms)− `v (Tms) ⊂ P ,
we obtain
ρ (ms+1, us) 4 k[ρ(ms, us) + ρ(v,ms+1)].
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Using (4.2.2) we have
ρ(v, us) 4 ρ (ms+1, v) + ρ (ms+1, us)
4 ρ (ms+1, v) + k[ρ(ms, us) + ρ(v,ms+1)]
4 ρ (ms+1, v) + k[ρ(ms, us) + ρ(v,ms+1)]
4 (1 + k) ρ (ms+1, v) + kd(ms, us)
4 (1 + k) ρ (ms+1, v) + k[ρ(ms, v) + ρ(v, us)]
4 2 (1 + k)
1− k
ρ (ms+1, v)
2
+
2k
1− k
ρ(ms, v)
2
 c
2
+
c
2
 c, for all s ≥ k3.
Therefore cone− lim
s→∞
us = v.Since Tv is closed, v ∈ Tv. 
In the following we establish a Zamfirescu-type result.
Theorem 4.3.3. Let (M,ρ) be a complete tvs− cone metric space, let T : M −→ Λ
be a multi-valued mapping having g.l.b property on (M,ρ) . If for m,n ∈ M any one
of the following is satisfied:
(i) k(s(ρ(m,n))) ∈ s(Tm, Tn), for 0 ≤ k < 1;
(ii) k[ρ(m,Tm) + ρ(n, Tn)] ∈ s(Tm, Tn), for 0 ≤ k < 1
2
;
(iii) k[ρ(m,Tn) + ρ(n, Tm)] ∈ s(Tm, Tn), for 0 ≤ k < 1
2
;
then T has a fixed point in M.
Proof: (i) : Case (i) is a special case of [109] with ϕ(ρ(m,n)) = k < 1.
(ii) : As ρ(m,Tm), ρ(n, Tn) ∈ LM(T ),
set lm(Tm) = ρ(m,Tm), ln(Tn) = ρ(n, Tn). Then for all m,n ∈M
k[lm(Tm) + ln(Tn)] ∈ s(Tm, Tn).
By Theorem 4.3.1, T has a fixed point in M .
(iii) : Put lm(Tn) = ρ(m,Tn), ln(Tm) = ρ(n, Tm). Then for all m,n ∈M
k[lm(Tn) + ln(Tm)] ∈ s(Tm, Tn),
and, by Theorem 4.3.2, T has a fixed point inM . 
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Example 4.3.1. Let M = [0, 1] and let E = C1R[0, 1]. Let τ be the non-normable and
non-metrizable strongest vector (locally convex) topology on E. Define ρ : M×M → E
as:
(ρ (m,n)) (t) = |m− n| et,
P = {m ∈ E : θ 4 m}, where θ(t) = 0 for all t ∈M.
Then (M,ρ) is a tvs-valued cone metric space. Let T : M → A be such that
Tm =
[
0,
m
30
]
,
then
Wm(Tn) =
{
ρ (m,u) : u ∈
[
0,
n
30
]}
.
Denote by ρ(m,Tn) the greatest lower bound of Wm(Tn). Then
ρ(m,Tn) (t) =
{
0 if m ≤ n
30(
m− n
30
)
et if m > n
30
and
ρ(m,Tm) (t) =
(
29m
30
)
et.
Moreover, if θmn ∈ E such that
θmn(t) =
|m− n|
30
et,
then
s(Tm, Tn) = {f ∈ E : θmn 4 f}
ρ(m,Tm) + ρ(n, Tn)
3
(t) =
1
3
(
29m
30
+
29n
30
)
et
=
1
3
(
m− n
30
+ n− m
30
)
et
=
ρ(m,Tn) + ρ(n, Tm)
3
(t)
≥ 1
3
(
3m
30
+
3n
30
)
et
≥ 1
30
(m+ n) et >
|m− n|
30
et = θmn(t),
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and it follows that
ρ(m,Tm) + ρ(n, Tn)
3
,
ρ(n, Tm) + ρ(m,Tn)
3
∈ s(Tm, Tn)
for all m,n ∈M S˙imilarly,
ρ(m,n)
30
∈ s(Tm, Tn).
Hence T satisfies all of the conditions of Theorem 4.3.3 and T has a fixed point.
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Chapter 5 
Multivalued Fixed Points in Ordered Cone Metric Spaces 
 
 
5.1 Introduction
Order-theoretic fixed point theory has applications to a wide range of various
fields, such as ordinary differential equations, integral equations, (single and multi-
valued) non-local discontinuous partial differential equations of various types, math-
ematical economics, game theory and so on. In each of these areas we are faced with
the central problem of handling the possible loss of continuity of the mappings on
their underlying domain of definition. It is significant that, in particular, for prov-
ing the existence of certain optimal strategies in game theory, there is a need for
order-related fixed point results in partially ordered sets (po-sets) that are neither
convex nor have lattice structure, and, in which the fixed point operator may not be
continuous.
The existence of fixed points in partially ordered sets has been considered in [101],
where some applications to matrix equations are presented. Many generalizations
have been made of the ordered structure of metric spaces. Weak contractions in
ordered metric spaces were introduced by Turinici in [114], and, after that, many
researchers devoted their efforts to generalizing and extending fixed and coincidence
point results by using weak contractions.
In [63] the author established some results regarding fixed points in partially
ordered complete metric spaces for set-valued operators. Some results of [63] have
been generalized in [2, 57]. In their setting the multivalued operators are compact
valued. Many results for fixed and coincidence points of multivalued mappings are
available in the literature, and, in most of them, the distance function δ(A,B) =
Dist (A,B) is used to obtain the distance between two sets A and B of a metric
space M . Some fixed point results, by using the Hausdorff metric on C(M) (compact
subsets of the metric space M under consideration) are also available in the literature,
to deal with weak contractions (see [7, 11, 12, 13, 34, 35, 36, 41, 48]).
Cone metric spaces were properly introduced in [67] in which the convergence and
order were defined. Later on it was discovered that working with normal cones is
redundant, and the real generalization is to work in cone metric spaces with non-
normal cones. Many researchers generalized and extended a variety of results in CMS
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endowed with a partial order on M . A number of these results treat single valued
mappings with normal and non-normal cones (see [14, 16, 17, 22, 49, 50, 74, 102]).
The Hausdorff distance function for a cone metric space was defined by authors
in [47]. Clearly, this Hausdorff distance function is a generalization of the Hausdorff
metric H(·, ·) on CB(M) defined in [95]. In [27, 28, 29, 82, 87, 109] the authors have
used this Hausdorff distance function to extend the results for set-valued mappings in
cone metric spaces. We use the Hausdorff distance function for set-valued mappings.
In the present chapter, we establish some multivalued fixed point theorems with
weak contractions using the Hausdorff distance function on closed subsets of a given
cone metric space. We define approximative valued mappings and provide applica-
tions in ordered cone metric spaces. We deduce a few corollaries and generalize a
number of results in the literature. To prove the validity and novelty of our result,
we have given a non-trivial example. As an application of our main result we provide
a theorem for the existence of a certain type of differential inclusion.
5.2 Basic Definitions and Useful Results
The following definitions and lemmas will be used.
Definition 5.2.1. ([14]) A binary relation R on M is a partial order relation, if it
satisfies the following conditions:
(i) (m,m) ∈ R for all m ∈M (reflexivity);
(ii) if (m,n) ∈ R and (n,m) ∈ R, then m = n (antisymmetric);
(iii) if (m,n) ∈ R and (n, l) ∈ R, then (m, l) ∈ R (transitivity),
for all m, n, l in M .
A set M with a partial order R is called a partially ordered set (po-set). Let (M,R)
be a partially ordered set and m,n ∈M . Elements m and n are said to be comparable
elements of M if either mRn or nRm, denoted by m  n.
Remark 5.2.1. In the literature many authors discuss convergent sequences which have
comparable terms, we provide an example for a convergent sequence which is neither
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nonincreasing nor nondecreasing but which has comparable terms. The sequence
xn =
1
n
sin(n), n = 1, 2, 3 · ··
has comparable terms and converges to 0.
The following graph shows the comparable terms of the sequence for some values
of n;
Figure 5.1: Comparable Sequence
Consider the following classes of functions:
• Ψ denotes the set of all functions ψ : P −→ P satisfying
1. ψ is continuous and strongly monotone;
2. ψ (t) = θ if and only if t = θ;
3. t− ψ (t) ∈ intP for t ∈ intP ;
4. For a non-increasing sequence {ss} in P , lim
s→∞
ψ (ss) exists in P .
• Φ denotes the set of all functions φ : P −→ P such that:
1. φ is continuous and φ (θ) = θ.
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Definition 5.2.2. Let M be a nonempty set. Then (M,R, ρ) is called an ordered
cone metric space(ordered CMS) if ρ is a cone metric on M and R is a partial order
on M .
The following two definitions are generalizations to ordered cone metric spaces of
the corresponding notions for ordered metric spaces (see, for instance, [2]).
Definition 5.2.3. An ordered CMS is said to have the sequential limit comparison
property if, for every non decreasing sequence {ms} in M with ms → m, we have
(ms,m) ∈ R.
Definition 5.2.4. An ordered CMS is said to have the subsequential limit comparison
property if, for every non decreasing sequence {ms} in M with ms → m, there exists
a subsequence {msk} of {ms} such that (msk ,m) ∈ R.
In [63] Hong introduced several notions which were very useful for obtaining some
fixed point results for multivalued mappings of ordered metric spaces. Following
Hong’s idea, and the notion of approximative sets in cone metric spaces, we introduce
similar notions for ordered cone metric spaces (see Definition 3.5).
Definition 5.2.5. Let M be a CMS. A subset W of M is said to be approximative if
RW (m) := {n ∈ W : s(ρ(m,n)) = s(m,W )}
is non-empty for all m ∈M .
Definition 5.2.6. Let (M,R, ρ) be an ordered CMS. A multivalued mapping F :
M → 2M is said to have:
(i) approximative values, (AV for short), if Fm is approximative for each m ∈M ;
(ii) Comparable approximative values, CAV for short, if F is approximative and,
for all w,m ∈M there exists an n ∈ RFw(n) such that n is comparable to w;
(iii) Upper comparable approximative values, UCAV for short (resp. lower com-
parable approximative values, LCAV for short) if F is approximative and, for each
w ∈M , there exists some m ∈ RFw(n) such that (w,m) ∈ R (resp. (m,w) ∈ R).
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Definition 5.2.7. Let (M,ρ) be a CMS endowed with a partial order R on M . A
multivalued mapping F : M → Λ is called an R-contractive map, if there exist a
λ ∈ (0, 1) such that F is a UCAV mapping and
λρ(m,n) ∈ s(Fm,Fn) for (m,n) ∈ R.
Definition 5.2.8. Let (M,ρ) be a CMS endowed with a partial order R. A multival-
ued mapping F : M → Λ is said to be Rψ,φ weakly L-contractive (resp. Rψ,φ weakly
U-contractive) if F is LCAV (resp. UCAV) and
ψ (ρ (m,n))− φ (ρ (m,n)) ∈ s (Fm,Fn) (5.2.1)
for some ψ ∈ Ψ, φ ∈ Φ, and for all comparable m and y in M .
Weakly contractive (single-valued) mappings were introduced and studied in [10],
and in recent years extended and generalized in various directions.
Definition 5.2.9. For nonempty sets A,B ∈ M , the symbol ARB denote the fact
that for each a ∈ A and b ∈ B we have (a, b) ∈ R. A multivalued mapping F is said to
be non-decreasing (non-increasing ) if (m,n) ∈ R implies that FmRFn (FnRFm).
5.3 Fixed PointResults inOrdered ConeMetric Spaces
We now prove our main theorem of this chapter.
Theorem 5.3.1. Let (M,R) be an ordered complete CMS. Let F : M −→ Λ be a Rψ,φ
weakly U-contractive mapping. If M has the sequential limit comparison property,
then F has a fixed point in M .
Proof. Select m0 ∈ M be an arbitrary but fixed point of M . If m0 ∈ Fm0 then
we are done. Otherwise, as Fm0 is UCAV, there exists some m1 ∈ RFm0(m0) with
(m0,m1) ∈ R, such that
s(ρ(m0,m1)) = s(m0, Fm0),
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From (5.2.1) we have
ψ (ρ (m0,m1))− φ (ρ (m0,m1)) ∈ s (Fm0, Fm1) ,
which implies that
ψ (ρ (m0,m1))− φ (ρ (m0,m1)) ∈ s (m1, Fm1) .
Again using the fact that F is UCAV there exists some m2 ∈ Fm1 with (m1,m2) ∈ R
such that
s(ρ(m1,m2)) = s(m1, Fm1).
Thus
ψ (ρ (m0,m1))− φ (ρ (m0,m1)) ∈ s (ρ (m1,m2)) , (5.3.1)
which implies
ρ (m1,m2) 4 ψ (ρ (m0,m1))− φ (ρ (m0,m1)) .
As (m1,m2) ∈ R, it follows from (5.2.1) that
ψ (ρ (m1,m2))− φ (ρ (m1,m2)) ∈ s(Fm1, Fm2).
Using the definition of s (·, ·),
ψ (ρ (m1,m2))− φ (ρ (m1,m2)) ∈ s(m2, Fm2).
As F is UCAV, there exists an m3 ∈ Fm2 such that
s(ρ(m2,m3)) = s(m2, Fm2),
so that
ψ (ρ (m1,m2))− φ (ρ (m1,m2)) ∈ s(ρ(m2,m3))
which implies
ρ(m2,m3) 4 ψ (ρ (m1,m2))− φ (ρ (m1,m2)) .
Continuing in the same way we obtain a sequence {ms} in M such that
(ms−1,ms) ∈ R, such that ms ∈ Fms−1 for s ≥ 1.
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Hence
ψ (ρ (ms−1,ms))− φ (ρ (ms−1,ms)) ∈ s (Fms−1, Fms) .
Since ms ∈ Fms−1 and F is UCAV there exists some ms+1 ∈ Fms with (ms,ms+1) ∈ R
such that
ψ (ρ (ms−1,ms))− φ (ρ (ms−1,ms)) ∈ s (ρ(ms,ms+1)),
which implies that
ρ(ms,ms+1) 4 ψ (ρ (ms−1,ms))− φ (ρ (ms−1,ms)) , (5.3.2)
and hence
ρ(ms,ms+1) 4 ψ (ρ (ms−1,ms)) , (5.3.3)
ρ(ms,ms+1) 4 ρ (ms−1,ms) . (5.3.4)
Thus {ρ(ms,ms+1)}∞s=0 is a nonincreasing sequence in P so that, by the definition
of ψ,
lim
s→∞
ψ(ρ(ms,ms+1)) = r, for some r ∈ intP . (5.3.5)
If r = θ, then ρ(ms,ms+1) → θ, as s → ∞ so that, supposing that r  θ and using
(5.3.2) and properties of ψ, we have
ψ(ρ(ms,ms+1)) ρ(ms,ms+1) 4 ψ (ρ (ms−1,ms))− φ (ρ (ms−1,ms)) .
From (5.3.5)
r  r − lim
s→∞
φ (ρ (ms−1,ms)) ,
which implies
lim
s→∞
φ (ρ (ms−1,ms)) θ.
Using definition of φ,
ρ (ms−1,ms)→ θ, as s→∞. (5.3.6)
Choose t (j) < s (j). Using the transitivity of R, we have (mp(j),ms(j)) ∈ R so that
ψ(ρ(mp(j),ms(j)))− φ(ρ(mp(j),ms(j))) ∈ s(Fmp(j), Fms(j)).
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Since ms(j)+1 ∈ Fms(j) and F is UCAV, there exists an mp(j)+1 ∈ Fmp(j), such that
ρ
(
mp(j)+1,ms(j)+1
)
4 ψ
(
ρ
(
mp(j),ms(j)
))− φ (ρ (mp(j),ms(j))) , (5.3.7)
and, by virtue of the transitivity of R (mp(j)+1,ms(j)+1) ∈ R.
Next we show that {ms} is a Cauchy sequence in M . Assume that {ms} is not
Cauchy sequence. Then there exists an ε 0 and two sequences of positive integers
(say) {m (j)} and {s (j)} such that, for all positive integers j, s (j) > p (j) > j and
ρ(mp(j),ms(j)) < ε. Assume that s (j) is the smallest positive integer such that
ρ(mp(j),ms(j)) < ε
and
ρ(mp(j),ms(j)−1) ε.
Now
ε 4 ρ
(
mp(j),ms(j)
)
4 ρ
(
mp(j),ms(j)−1
)
+ ρ
(
ms(j)−1,ms(j)
)
 ε+ ρ (ms(j)−1,ms(j)) .
Letting j →∞ in the above inequality, and using (5.3.6), we get
lim
j→∞
ρ(mp(j),ms(j)) = ε. (5.3.8)
Using the triangular property of a cone metric space,
ρ(mp(j)+1,ms(j)+1) 4 ρ(mp(j)+1,mp(j)) + ρ(mp(j),ms(j)) + ρ(ms(j),ms(j)+1),
and
ρ(mp(j),ms(j)) 4 ρ(mp(j),mp(j)+1) + ρ(mp(j)+1,ms(j)+1) + ρ(ms(j)+1,ms(j)).
Letting j →∞ in the above inequalities, and using (5.3.6) and (5.3.8), we get
lim
j→∞
ρ(mp(j)+1,ms(j)+1) = ε. (5.3.9)
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Form (5.3.7):
ψ
(
ρ
(
mp(j)+1,ms(j)+1
)) ρ (mp(j)+1,ms(j)+1) 4 ψ (ρ (mp(j),ms(j)))−φ (ρ (mp(j),ms(j))) .
Letting j →∞ in the above inequalities, using (5.3.5), (5.3.8), and the continuity of
φ, we obtain
r  r − limj→∞ φ
(
ρ
(
ms(j),mp(j)
))
φ(limj→∞ ρ
(
ms(j),mp(j)
)
) θ ,
φ(ε) θ,
a contradiction. So, by the definition of φ we have
lim
j→∞
ρ
(
ms(j),mp(j)
)
= θ.
Thus {ms} is a Cauchy sequence in M , so that there exists an m ∈ M such that
lim
s→∞
ms = m. Using (P1) and (P7) choose a natural number k1 such that ρ (ms,m)
c
2
for all s ≥ k1.
From the sequential limit comparison property of M we have (ms,m) ∈ R for all
s ∈ N. Now consider
ψ (ρ (ms,m))− φ (ρ (ms,m)) ∈ s (Fms, Fm) .
For ms+1 ∈ Fms, since F is an Rψ,φ weakly U -contractive mapping, we can choose
zs ∈ Fm such that (ms+1, zs) ∈ R, and
ψ (ρ (ms,m))− φ (ρ (ms,m)) ∈ s (ρ(ms+1, zs)),
which implies that
ρ(ms+1, zs) 4 ψ (ρ (ms,m))− φ (ρ (ms,m))
4 ψ (ρ (ms,m)) ≺ ρ (ms,m) .
Also
ρ(m, zs) 4 ρ(m,ms+1) + ρ(ms+1, zs)
≺ ρ(m,ms+1) + ρ (ms,m)
 c for all k1(c) ≥ n.
Which implies that zs → m, and, since Fm is closed, m ∈ Fm.
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The following theorem establishes a fixed point for an Rψ,φ weakly L-contractive
mapping and can be proved by using steps similar to the proof of the above theorem.
Theorem 5.3.2. Let (M,R) be a complete CMS endowed with a partial order R
on M . Let F : M −→ Λ be an Rψ,φ weakly L-contractive mapping. If M has the
sequential limit comparison property, then F has a fixed point in M .
For approximative multivalued mappings we have the following theorem.
Theorem 5.3.3. Let (M,R) be a complete CMS endowed with a partial order R on
M . Let F : M −→ Λ be an AV multivalued nondecreasing mapping satisfying (5.2.1),
and let M have the sequential limit comparison property. If there exists an m0 ∈ M
such that {m0}RFm0, then F has a fixed point in M .
Proof. Select m0 ∈ M . If m0 ∈ Fm0, then there is nothing to prove. If not, then
choose some m1 ∈ Fm0 with (m0,m1) ∈ R. From (5.2.1)
ψ (ρ (m0,m1))− φ (ρ (m0,m1)) ∈ s (Fm0, Fm1) .
Since m1 ∈ Fm0, then
ψ (ρ (m0,m1))− φ (ρ (m0,m1)) ∈ s (m1, Fm1) .
Using the fact that F is AV and nondecreasing there exists some m2 ∈ Fm1 with
(m1,m2) ∈ R such that
s (ρ (m1,m2)) = s (m1, Fm1) .
Hence
ψ (ρ (m0,m1))− φ (ρ (m0,m1)) ∈ s (ρ (m1,m2)) ,
which implies that
ρ (m1,m2) 4 ψ (ρ (m0,m1))− φ (ρ (m0,m1)) .
The remaining portion of the proof coincides with the proof of Theorem 5.3.1.
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An other interesting way to generalize the results under assumption that the
consecutive terms in the constructed sequence are comparable, we have the following
theorem.
Theorem 5.3.4. Let (M,R) be a complete CMS endowed with a partial order R on
M . Let F : M −→ Λ be CAV satisfying (5.2.1). If {ms} is a sequence whose consec-
utive terms are comparable and ms → m as s → ∞, and there exists a subsequence
{msk} of {ms} such that every term is comparable to the limit u, then F has a fixed
point in M .
Proof. Let m0 ∈ M be an arbitrary point. If m0 ∈ Fm0, then we are done. If not,
then, as Fm0 is CAV, there exists some m1 ∈ RFm0(m0) with m0  m1, such that
s(ρ(m0,m1)) = s(m0, Fm0).
From (5.2.1) we have
ψ (ρ (m0,m1))− φ (ρ (m0,m1)) ∈ s (Fm0, Fm1) .
As m1 ∈ Fm0, then
ψ (ρ (m0,m1))− φ (ρ (m0,m1)) ∈ s (m1, Fm1) .
Using the fact that F is CAV there exists some m2 ∈ Fm1 with m1  m2 such that
s(ρ(m1,m2)) = s(m1, Fm1),
and
ψ (ρ (m0,m1))− φ (ρ (m0,m1)) ∈ s (ρ (m1,m2)) ,
which implies that
ρ (m1,m2) 4 ψ (ρ (m0,m1))− φ (ρ (m0,m1)) .
Similarly, for m2 ∈ Fm1, there exists some m3 ∈ Fm2 with m2  m3 such that
ψ (ρ (m1,m2))− φ (ρ (m1,m2)) ∈ s (ρ(m2,m3)).
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Continuing in the same way we will obtain a sequence {ms} in M such that
ms  ms+1, such that ms+1 ∈ Fms for s ≥ 0.
By a similar procedure to that of the Theorem 5.3.1, we can construct a Cauchy
sequence {ms} in M such that ms → m as s→∞ or lim
s→∞
ms = x.
By assumptions we have {msk}, a subsequence of {ms}, with msk  m for all k ∈ N.
Choose a natural number k1 so that ρ (msk ,m) c2 for all s ≥ k1. Now consider
ψ (ρ (msk ,m))− φ (ρ (msk ,m)) ∈ s (Fmsk , Fm) .
For msk+1 ∈ Fmsk , as F is a CAV mapping, we can choose a zsk ∈ Fm such that
msk  zsk . Thus
ψ (ρ (msk ,m))− φ (ρ (msk ,m)) ∈ s
(
ρ(msk+1 , zsk
)
),
which implies that
ρ(msk+1 , zsk) 4 ψ (ρ (msk ,m))− φ (ρ (msk ,m))
4 ψ (ρ (msk ,m)) ≺ ρ (msk ,m) .
Also
ρ(m, zsk) 4 ρ(m,msk+1) + ρ(msk+1 , zsk)
≺ ρ(m,msk+1) + ρ (msk ,m)
 c for all k1(c) ≥ n.
Hence zsk → m, and, since Fm is closed, m ∈ Fm.
Example 5.3.1. Let M = [0, 1] be the closed unit interval with the usual partial order
≤, and E = C1R[0, 1] with norm ‖f‖ = ‖f‖∞ + ‖f ′‖∞ , and
P = {m ∈ E : θ  m}, where θ(t) = 0 for all t ∈M,
is a non-normal cone in E. Define d : M ×M → E as follows:
(ρ (m,n)) (t) = |m− n| et.
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Then (M,ρ) is a complete CMS.
Let F : M → CB(M) be such that
Fm =
[
0,
m
10pi
]
.
Then for m ≤ n
s(Fm,Fn) = s(
∣∣∣ m
10pi
− n
10pi
∣∣∣ et).
Since ∣∣∣ m
10pi
− n
10pi
∣∣∣ et ≤ 1
2pi
|m− n| et − 1
4pi
|m− n| et,
we have
1
2pi
|m− n| et − 1
4pi
|m− n| et ∈ s(
∣∣∣ m
10pi
− n
10pi
∣∣∣ et).
Thus, for ψ(t) = t
2pi
and φ(t) = t
4pi
we have
ψ (ρ (m,n))− φ (ρ (m,n)) ∈ s (Fm,Fn) .
All of the conditions of our main Theorem 5.3.1 are satisfied, so F has a fixed point.

If we take φ(t) = θ for all t ∈ P , then:
Corollary 5.3.1. Let (M,R) be a complete CMS endowed with a partial order R on
M . Let F : M −→ Λ be an AV multivalued nondecreasing mapping satisfying
ψ (ρ (m,n)) ∈ s (Fm,Fn) .
If M has the sequential limit comparison property, and there exists an m0 ∈M such
that {m0}RFm0, then F has a fixed point in M .
If we take φ(t) = θ for all t ∈ P and ψ (t) = kt, for k ∈ [0, 1), then we have the
following corollary:
Corollary 5.3.2. Let (M,R) be a complete CMS endowed with a partial order R on
M . Let F : M −→ Λ be a Nadler type R-contractive mapping. If M has sequential
limit comparison property, then F has a fixed point in M .
Using Remark 2.1.2 all of the related terms and definitions can be defined in metric
spaces yeilding the following corollaries:
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Corollary 5.3.3. Let (M,R) be a complete metric space, the set M with a partial order
R. Let F : M −→ CB(M) be an Rψ,φ weakly U -contractive(resp. L-contractive)
mapping. If M has the sequential limit comparison property, then u ∈ Fu for some
u ∈M .
Corollary 5.3.4. Let (M,R) be a complete metric space, and let F : M −→ CB(M)
be an AV multivalued nondecreasing mapping satisfying,
ψ (ρ (m,n)) ∈ s (Fm,Fn) .
If M has the sequential limit comparison property, and there exists an m0 ∈M such
that {m0}RFm0, then u ∈ Fu for some u ∈M .
Corollary 5.3.5. Suppose that (M,R) is a complete metric space, and let F : M −→
CB(M) be an AV multivalued nondecreasing mapping and there exists a k ∈ [0, 1)
such that
kρ (m,n) ∈ s (Fm,Fn) .
If M has sequential limit comparison property, and there exists an m0 ∈ M, such
that {m0}RFm0, then F has a fixed point in M .
In the case of a single valued map F , we have:
Theorem 5.3.5. Let (M,R) is a complete CMS and let F : M −→M be a mapping
satisfying;
ρ (Fm,Fn) 4 ψ (ρ (m,n))− φ (ρ (m,n)) .
If M has the sequential limit comparison property, and, if one of the following condi-
tions is satisfied:
(a) m 4 Fm for all m ∈M ;
(b) Fm 4 m for all m ∈M ;
(c) F is increasing and there exists an m0 ∈M such that m0 4 Fm0;
(d) Fm is comparable with each m ∈M (M satisfies the subsequential limit com-
parison property instead of the sequential limit comparison property),
then Fu = u for some u ∈M .
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Proof. Case (a): One can easily construct a sequence {ms} in M such that ms 4
Fms = ms+1 for n = 0, 1, 2, 3 · · · Also
ρ(ms,ms−1)→ θ, as s→∞. (5.3.10)
We need to show that {ms} is a Cauchy sequence. Suppose not. Then we can find
an ε 0 and two sequences of positive integers (say) {p (j)} and {s (j)}, such that,
for all positive integers j, s (j) > p (j) > j and ρ(mp(j),ms(j)) < ε. Assuming that
s (j) is the smallest such positive integer, we get
ρ(mp(j),ms(j)) < ε
and
ρ(mp(j),ms(j)−1) ε.
Also
ε 4 ρ
(
mp(j),ms(j)
)
4 ρ
(
mp(j),ms(j)−1
)
+ ρ
(
ms(j)−1,ms(j)
)
 ε+ ρ (ms(j)−1,ms(j)) .
Letting j →∞ in the above inequality, and using (5.3.10), we get
lim
j→∞
ρ(mp(j),ms(j)) = ε. (5.3.11)
Using the triangular property of cone metric space,
ρ(mp(j)+1,ms(j)+1) 4 ρ(mp(j)+1,mp(j)) + ρ(mp(j),ms(j)) + ρ(ms(j),ms(j)+1)
and
ρ(mp(j),ms(j)) 4 ρ(mp(j),mp(j)+1) + ρ(mp(j)+1,ms(j)+1) + ρ(ms(j)+1,ms(j)).
Letting j →∞ in the above inequalities and using (5.3.10) and (5.3.11),
lim
j→∞
ρ(mp(j)+1,ms(j)+1) = ε. (5.3.12)
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By the transitivity of R we have mp(j)+1 4 ms(j)+1. Thus
ψ
(
ρ
(
mp(j)+1,ms(j)+1
)) ρ (mp(j)+1,ms(j)+1) 4 ψ (ρ (mp(j),ms(j)))−φ (ρ (mp(j),ms(j))) .
Letting j →∞ in the above inequalities, using (5.3.10), (5.3.11), and the continuity
of φ, we obtain
ε  ε− lim
j→∞
φ
(
ρ
(
ms(j),mp(j)
))
θ  φ( lim
j→∞
ρ
(
ms(j),mp(j)
)
),
φ(ε)  θ
which is a contradiction. Therefore
lim
j→∞
ρ
(
ms(j),mp(j)
)
= θ,
which implies that {ms} is a Cauchy sequence. From the completeness of M there
exists an l ∈ M such that ms → l. Choose k(c) ∈ N such that for θ  c, we have
ρ (ms, l) c2 for all s ≥ k(c). Using the sequential limit comparison property of M ,
it follows that ms 4 l for all s ∈ N.
ρ (ms+1, F l) = ρ (Fms, F l) 4 ψ (ρ (ms, l))− φ (ρ (ms, l))
4 ψ (ρ (ms, l))− φ (ρ (ms, l))
4 ψ (ρ (ms, l)) ρ (ms, l) . (5.3.13)
Also
ρ(l, F l) 4 ρ(l,ms+1) + ρ(ms+1, F l)
 ρ(l,ms+1) + ρ (ms, l) using (∗)
 c for all s ≥ k(c),
and l = Fl is a fixed point of F .
Case (b): As Fm 4 m, then form the sequence ms+1 = Fms 4 ms for s =
0, 1, 2, 3 · · · Then ρ(ms,ms−1)→ θ, as s→∞. The remainder of the proof is similar
to that above.
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Case (c): As m0 4 Fm0 = m1 and F is increasing, one can form a sequence
ms 4 ms+1 and the proof coincides with the proof of Case (a).
Case (d): As m  Fm construct a sequence ms+1  ms for s = 0, 1, 2, · · · It is easy
to prove that {ms} is a Cauchy sequence, so that ms → l ∈M . By the subsequential
limit property of M there rxists a subsequence {msk} of {ms} consisting of terms
comparable to l. Therefore, for each k
ρ(msk+1 , F l) = ρ(Fmsk , F l) 4 ψ (ρ (msk , l))− φ (ρ (msk , l)) ρ (msk , l) ,
and
ρ(Fl, l) 4 ρ(Fl,msk+1) + ρ(msk+1 , l)
 c for all s ≥ k1.
5.4 Applications
Consider the following differential inclusion:
∂3u(t,m, n)
∂t∂m∂y
∈ F (t,m, n, u(t,m, n)) for (t,m, n) ∈ Ωa × Ωb × Ωc := Ωa,b,c (5.4.1)
with
u(t,m, 0) = η(t,m), u(t, o, n) = ζ(t, n), u(0,m, n) = ϑ(m,n), t ∈ Ωa, m ∈ Ωb, n ∈ Ωc,
where Ωa = [0, a],Ωb = [0, b] and Ωc = [0, c].
Let F : Ωa,b,c ×R→ 2R be a multivalued mapping and C(Ωa,b,c,R) be a complete
metric space with metric
(ρ(u, v))(t,m, n) = sup {|u(t,m, n)− v(t,m, n)| : (t,m, n) ∈ Ωa,b,c} for u, v ∈ C(Ωa,b,c,R).
For u, v ∈ C(Ωa,b,c,R) define the partial order uRv if and only if u(t,m, n) ≤ v(t,m, n)
for each (t,m, n) ∈ Ωa,b,c.
Let
P = {u(t,m, n) : u(t,m, n) ∈ C(Ωa,b,c,R), u(t,m, n) ≥ 0, for each (t,m, n) ∈ Ωa,b,c}
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be the cone of C(Ωa,b,c,R).
Let L1(Ωa,b,c,R) be the Banach space of all measurable functions from Ωa,b,c to R
which are Lebesgue integrable with norm
‖u‖L =
a∫
0
b∫
0
c∫
0
|u(t,m, n)| dndmdt for u ∈ L1(Ωa,b,c,R).
Let F : Ωa,b,c×R→ 2R be a multivalued mapping having non-empty values. For each
u ∈ C(Ωa,b,c,R) denote and define the set of selections of F by
SF ,u =
{
v ∈ L1(Ωa,b,c,R) : v ∈ F (t,m, n, u(t,m, n)) a.e (t,m, n) ∈ Ωa,b,c
}
and assign to F the multivalued operator N : C(Ωa,b,c,R)→ 2L1(Ωa,b,c,R) by letting
N (u) =
{
w ∈ L1(Ωa,b,c,R) : w(t,m, n) ∈ F (t,m, n, u(t,m, n)), (t,m, n) ∈ Ωa,b,c
}
,
where N is the Niemytsky operator associated with F .
In order to state and verify our theorem, we need the continuous mapping L :
L1(Ωa,b,c,R)→ C(Ωa,b,c,R) defined by
L(u(t,m, n)) =
t∫
0
m∫
0
n∫
0
u(ν, s, τ)ρνdsρτ.
Theorem 5.4.1. Suppose that the multivalued mapping F : Ωa,b,c ×R→ 2R satisfies
the following conditions:
L1: F (t,m, n, u) is a compact subset for all (t,m, n, u) ∈ Ωa,b,c × C(Ωa,b,c,R).
Moreover, SF ,u is non-empty for each u ∈ C(Ωa,b,c,R);
L2: For any u, v ∈ C(Ωa,b,c,R), if uRv then, for each u1 ∈ F (t,m, n, u(t,m, n)
there exists u2 ∈ F (t,m, n, v(t,m, n)) such that
|u1(t,m, n)− u2(t,m, n)| ≤ l(t,m, n) ln(|u(t,m, n)− v(t,m, n)|+ e)
for a.e (t,m, n) ∈ Ωa,b,c, where l ∈ L1(Ωa,b,c,R) with ‖l‖L ≤ 1;
L3: For each u ∈ C(Ωa,b,c,R)
L◦v(t,m, n)+ϑ(m,n)+η(t,m)−η(0,m)+ζ(t, n)−ζ(0, n)−ζ(t, 0)+ζ(0, 0) ∈ s(u(t,m, n))
for (t,m, n) ∈ Ωa,b,c and v ∈ SF ,u.
Then problem (5.4.1) has a solution u∗ ∈ C(Ωa,b,c,R).
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Proof. E =C(Ωa,b,c,R) is a complete metric space with metric
(ρ(u, v))(t,m) = sup {|u(t,m, n)− v(t,m, n)| : (t,m, n) ∈ Ωa,b,c}
and satisfies the sequential limit comparison property. Problem (5.4.1) is equivalent
to the integral inclusion
u(t,m, n) ∈

h ∈ E : h(t,m, n) = ϑ(m,n) + η(t,m)− η(0,m) + ζ(t, n)− ζ(0, n)
−ζ(t, 0) + ζ(0, 0) +
t∫
0
m∫
0
n∫
0
v(r, s, τ)drdsρτ for v ∈ SF ,u
 .
Define F : E→2E by
(Fu)(t,m, n) =
{
h ∈ E : h(t,m, n) = ϑ(m,n) + η(t,m)− η(0,m) + ζ(t, n)
−ζ(0, n)− ζ(t, 0) + ζ(0, 0) + L◦v(t,m, n) for v ∈ SF ,u
}
.
To prove that (Fu)(t,m, n) is compact for each u ∈ E and v ∈ SF ,u, it is enough
to show that L ◦ SF ,u is compact. Let u ∈ E and suppose that {us} is a sequence
in SF ,u. By the definition of SF ,u, us ∈ F (t,m, n, u(t,m, n)) a.e for all (t,m, n) ∈
Ωa,b,c. So us(t,m, n) → v(t,m, n) for some v(t,m, n) ∈ F (t,m, n, u(t,m, n)), since
F (t,m, n, u(t,m, n)) is compact. By the continuity of L, L◦us(t,m, n)→ L◦u(t,m, n) ∈
L ◦ SF ,u a.e for all (t,m, n) ∈ Ωa,b,c, as required. Now let u, v ∈ P with uRv and let
h1 ∈ Fu. Then there exists a v1 ∈ SF ,u such that
h1(t,m, n) = ϑ(m,n) + η(t,m)− η(0,m) + ζ(t, n)− ζ(0, n)− ζ(t, 0)
+ζ(0, 0) +
t∫
0
m∫
0
n∫
0
v1(r, s, τ)drdsρτ for (t,m, n) ∈ Ωa,b,n.
There exists a w ∈ F (t,m, n, v(t,m, n)) with
|v1(t,m, n)− w| ≤ l(t,m, n) ln(|v(t,m, n)− u(t,m, n)|+ e).
Define the multivalued mapping
U(t,m, n) = {w ∈ R : |v1(t,m, n)− w| ≤ l(t,m, n) ln(|v(t,m, n)− u(t,m, n)|+ e)} .
Then the multivalued mapping
V (t,m, n) = U(t,m, n) ∩ SF ,u
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has non-empty values and is a measurable selection [38]. So there exists a v2 ∈ V
with v2 ∈ F (t,m, n, v(t,m, n)) for all (t,m, n) ∈ Ωa,b,c, satisfying
|v1(t,m, n)− v2(t,m, n)| ≤ l(t,m, n) ln(|v(t,m, n)− u(t,m, n)|+ e).
Define, for each (t,m, n) ∈ Ωa,b,c,
h2(t,m, n) = ϑ(m,n) + η(t,m)− η(0,m) + ζ(t, n)− ζ(0, n)− ζ(t, 0)
+ζ(0, 0) +
t∫
0
m∫
0
n∫
0
v2(r, s, τ)drdsρτ ∈ (Fv)(t,m, n).
Then
|h2(t,m, n)− h1(t,m, n)| ≤
t∫
0
m∫
0
n∫
0
|v2(r, s, τ)− v1(r, s, τ)| drdsρτ
≤ ‖l‖L ln(ρ(u, v) + e)
= ‖l‖L [ρ(u, v)− (ρ(u, v)− ln(ρ(u, v) + e)]
= kρ(u, v)− k(ρ(u, v)− ln(ρ(u, v) + e),
where ‖l‖L = k.
Thus
kρ(u, v)− k(ρ(u, v)− ln(ρ(u, v) + e) ∈ s(Fu, Fv).
Taking ψ(t) = kt, φ(t) = kt− k ln(t+ e) and f = I, we have
ψ(ρ(fu, fv))− φ(ρ(fu, fv)) ∈ s(Fu, Fv).
Hence, by Theorem 5.3.1 there exists a u∗ ∈ E, such that u∗ ∈ Fu∗, so a solution of
(5.4.1) exists.
Example 5.4.1. Let E ⊂ P be the set of all functions satisfying 7piu(t,m, n) ≤
L◦u(t,m, n). Then E is a complete metric space with metric
(ρ(u, v))(t,m) = sup {|u(t,m, n)− v(t,m, n)| : (t,m, n) ∈ Ωa,b,c}
and satisfies the condition (L1) of the above theorem. Let
F (t,m, n, u) = [
1
7
u(t,m, n)e−(t+m+n) − t−m− n, 1
5
u (t,m, n) e−(t+m+n) − t−m− n,
73
for u ∈ E. Then F satisfies condition (L2) of the above theorem.
Take v ∈ SF ,u then 17u(t,m, n)e−(t+m+n) − t−m− n ≤ v, and
u (t,m, n)− t−m− n ≤ 1
7pi
L◦u(t,m, n)− t−m− n
≤ 1
7
t∫
0
m∫
0
n∫
0
e−(τ+η+r)u(τ, η, r)ρτρηdr − mn
2
t2 − tn
2
m2 − tm
2
n2
≤ L◦v(t,m, n).
Hence F satisfies condition (L3) of the above theorem.
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Chapter 6 
Multivalued Fixed Points in Generalized Cone Metric Spaces 
 
 
6.1 Multivalued Fixed PointResults in Cone
b-metric spaces
An analysis on the existence of linear and nonlinear operators was developed after
the appearance of the Banach contraction theorem [30] in 1922. Some generalizations
are available with applications in [17, 23, 84, 102]. Nadler [95] gave a set-valued form
in his classical paper in 1969 on multivalued contractions in metric spaces. A real
generalization of Nadler’s theorem was presented by Mizoguchi and Takahashi in [89].
Recently Hussain and Shah [69] generalized both the cone metric and b-metric by
introducing the notion of cone b-metric spaces. In [68] the author presented some
fixed point results in cone b-metric spaces without the assumption of normality of the
cone. It is well known that working in a b-metric space is equivalent to working in a
cone metric with normal cone. But not in the case of cone b-metric with non-normal
cone.
In this chapter we present a generalized form of Cho and Bae [47] for the case of
cone b-metric spaces without normality on cone. We also have given an example to
support our main theorem.
6.1.1 Fixed Point Results in Cone b-metric Spaces
The following is the first main result of this chapter.
Theorem 6.1.1. Let (M,ρ) be a complete cone b-metric space with coefficient r ≥ 1
and cone P , and let F : M −→ Λ be a multivalued mapping. Let a function ϕ : P →
[0, 1
r
) such that
lim
s→∞
supϕ(as) <
1
r
(a)
for any nonincreasing sequence {as} in cone P . If, for all m,n ∈M,
ϕ(ρ(m,n))ρ(m,n) ∈ s(Fm,Fn), (b)
then F has a fixed point in M.
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Proof: Let m0 be an arbitrary point in M . Then Fm0 ∈ Λ, so that Fm0 6= φ.
Let m1 ∈ Fm0 and consider
ϕ(ρ(m0,m1))ρ(m0,m1) ∈ s(Fm0, Fm1).
By definition we have
ϕ(ρ(m0,m1))ρ(m0,m1) ∈
(
∩
m∈Fm0
s (m,Fm1)
)
∩
(
∩
n∈Fm1
s (n, Fm0)
)
,
which implies that
ϕ(ρ(m0,m1))ρ(m0,m1) ∈ s (m,Fm1) for all m ∈ Fm0.
Since m1 ∈ Fm0,
ϕ(ρ(m0,m1))ρ(m0,m1) ∈ s (m1, Fm1) .
Then
ϕ(ρ(m0,m1))ρ(m0,m1) ∈ ∪
m∈Fm1
s (ρ (m1,m)) .
So there exists some m2 ∈ Fm1, such that
ϕ(ρ(m0,m1))ρ(m0,m1) ∈ s (ρ (m1,m2)) ,
which implies that
ρ (m1,m2)  ϕ(ρ(m0,m1))ρ(m0,m1).
By induction we can construct a sequence {ms} in M such that.
ρ (ms,ms+1)  ϕ(ρ(ms−1,ms))ρ(ms−1,ms), ms+1 ∈ Fms for s ∈ N. (c)
If ms = ms+1 for some s ∈ N, then F has a fixed point. Assume that ms 6= ms+1.
Then from (c) the sequence {ρ (ms,ms+1)} is decreasing in P . From (a) there exists
an a ∈ (0, 1
r
) such that,
lim
s→∞
supϕ(ρ (ms,ms+1)) <
1
r
.
Thus, for any k ∈ (a, 1
r
), there exists some s0 ∈ N such that for all s ≥ s0,
ϕ(ρ (ms,ms+1)) < k. Then for all s ≥ s0,
ρ (ms,ms+1)  ϕ(ρ(ms−1,ms))ρ(ms−1,ms) ≺ kρ(ms−1,ms) ≺ ks−s0ρ(ms0 ,ms0+1)
= ksv0,
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where v0 = k
−s0ρ(ms0 ,ms0+1).
Let t > s ≥ s0. Applying the triangular like inequality property of a cone b-metric
to the triples {ms,ms+1,mt} , {ms+1,ms+2,mt} , ..., {mt−2,mt−1,mt} we obtain
ρ(ms,mt)  r[ρ(ms,ms+1) + ρ(ms+1,mt)]
 rρ(ms,ms+1) + r2 [ρ(ms+1,ms+2) + ρ(ms+2,mt)]
 ...  rρ(ms,ms+1) + r2ρ(ms+1,ms+2) + ...+ rt−s−1 [ρ(mt−2,mt−1) + ρ(mt−1,mt)]
 rρ(ms,ms+1) + r2ρ(ms+1,ms+2) + ...+ rt−s−1ρ(mt−2,mt−1) + rt−sρ(mt−1,mt).
Now ρ (ms,ms+1)  ksv0 and kr < 1 imply that
ρ(ms,mt) 
(
rks + r2ks+1 + ...+ rt−skt−1
)
v0
= rks
(
1 + (rk) + ...+ (rk)t−s−1
)
v0
 rk
s
1− rkv0 → θ when s→∞.
Using (PT7) and (PT1) for a given θ  c there exists some t0 ∈ N satisfying
ρ(ms,mt) c, for all t, s > t0;
that is, {ms} is a Cauchy sequence in (M,ρ). Since (M,ρ) is a complete cone b-metric
space, there exists a u ∈M, such that ms → u. Choose k0 ∈ N so that ρ(ms, u) c2r
for all s ≥ k0. To prove that u ∈ Fu, consider,
ϕ(ρ(ms, u))ρ(ms, u) ∈ s(Fms, Fu).
By definition we have
ϕ(ρ(ms, u))ρ(ms, u) ∈
(
∩
m∈Fms
s (m,Fu)
)
∩
(
∩
v∈Fu
s (n, Fms)
)
,
which implies that
ϕ(ρ(ms, u))ρ(ms, u) ∈
(
∩
m∈Fms
s (m,Fu)
)
ϕ(ρ(ms, u))ρ(ms, u) ∈ s (m,Fu) for all m ∈ Fms.
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Since ms+1 ∈ Fms,
ϕ(ρ(ms, u))ρ(ms, u) ∈ s (ms+1, Fu) .
Thus there exists a vs ∈ Fu, such that
ϕ(ρ(ms, u))ρ(ms, u) ∈ s (ρ (ms+1, vs)) ,
which implies that
ρ (ms+1, vs)  ϕ(ρ(ms, u))ρ(ms, u)  ρ(ms, u). (d)
Now
ρ(u, vs)  r[ρ(u,ms+1) + ρ (ms+1, vs)]
 rρ(u,ms+1) + rρ(ms, u)
 c
2
+
c
2
= c, for all s ≥ k0,
which means that vs → u. Since Fu is closed, u ∈ Fu.
Corollary 6.1.1. [47] Let (M,ρ) be a complete CMS and let F : M −→ Λ be
multivalued mapping. Let ϕ : P → [0, 1) be a function satisfying
lim
s→∞
supϕ(as) < 1
for any decreasing sequence {as} in P , if, for all m,n ∈M,
ϕ(ρ(m,n))ρ(m,n) ∈ s(Fm,Fn),
then u ∈ Fu for some u ∈M.
By virtue of Remark 2.1.2, we also generalized the results of [89, 95].
The next example validates our Theorem.
Example 6.1.1. Take M = [0, 1] and E = C1R[0, 1] with norm ‖f‖ = ‖f‖∞ +
‖f ′‖∞ , and P = {m ∈ E : θ  m}, where θ(t) = 0 for all t ∈ M,then P is a non-
normal cone. Define ρ : M ×M → E as follows:
(ρ (m,n)) (t) = |m− n|p et, for p > 1,
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Then (M,ρ) is a cone b-metric space, but not a CMS(as shown in Chapter 2).
Let F : M → Λ be such that
Fm =
[
0,
m
30
]
.
Then for m < n,
s(Fm,Fn) = s(
∣∣m
30
− n
30
∣∣p et)
Since ∣∣m
30
− n
30
∣∣p et ≤ 1
3p
|m− n|p et,
1
3p
(|m− n|p et) ∈ s(
∣∣m
30
− n
30
∣∣p et).
Hence, for ϕ(ρ(m,n)) = 1
3p
,
ϕ(ρ(m,n))ρ(m,n) ∈ s(Fm,Fn).
Since all the conditions of our main theorems 6.1.1 are satisfied, F has a fixed point.

6.2 Multivalued Fixed Points in G-cone Metric Spaces
A revolution in the existence theory of many linear and non-linear operators oc-
curred after the appearance of the Banach contraction principle. Many researchers de-
voted their efforts to obtaining existence of solutions for nonlinear equations(algebraic,
differential and integral), systems of linear(nonlinear) equations, and convergence of
many computational methods [92]. The Banach contraction principle gave us many
important theories like variational inequalities, optimization theory and many com-
putational theories[92, 96]. Due to its far-reaching importance of Banach contrac-
tion, many authors have generalized it in several directions [5, 8, 9, 21, 70, 71, 116].
Nadler[95] first time presented it in multivalued case, many authors have extended
Nadler’s work. In [93] Mustafa et al. generalized a metric space by introducing the
notion of a G-metric space which corrected the flaws of Dhage’s attempted general-
ization [52, 53] of a metric space. Many fixed point results have been proved using
a G-metric space[77, 94]. Anchalee Kaewcharoen and Attapol Kaewkhao [77] and
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Nedal et al. [97] have obtained fixed point results for certain set-valued mappings in
G−metric spaces. Beg et al. [37] introduced the notion of a G-cone metric space(G-
CMS) and generalized some results. Chi-Ming Cheng [44], proved Nadler type results
in tvs G-CMS.
In the present section we introduced the notion of a Hausdorff distance function
on a G-CMS and exploit it to obtain some fixed point results in G-CMS. Our work
generalizes many results in the literature.
ˆ
6.2.1 Basic Definitions and Results in G-cone Metric Space
Proposition 6.2.1. [37] For a G− CMS the following are equivalent.
(a) {ms} is converges to m.
(b) G(ms,ms,m)→ θ, as s→∞.
(c) G(ms,m,m)→ θ, as s→∞.
(d) G(mt,ms,m)→ θ, as t, s→∞.
Lemma 6.2.1. [37] Let {ms} be a sequence in M . If {ms} converges to some
m ∈M , then G(mt,ms,m)→ θ as t, s→∞.
Lemma 6.2.2. [37] Let {ms} be a sequence in M . If {ms} is a Cauchy sequence in
M, then G(mt,ms,ml)→ θ, as t, s, l →∞.
For a G-cone metric space (M,G), define
s (α) = {β ∈ E : α 4 β} for β ∈ E,
and, for M1,M2,M3 ∈ Λ,
s (m,M2) = ∪
n∈M2
s (ρG (m,n)) = ∪
n∈M2
{w ∈ E : ρG (m,n) 4 w} for m ∈M.
s (M1,M2) = ∪
m∈M1,n∈M2
s(ρG (m,n)),
s (m,M2,M3) = s (m,M2) + sˆ (M2,M3) + s (m,M3)
= {u+ v + w : u ∈ s (m,M2) , v ∈ sˆ (M2,M3) , w ∈ s (m,M3)},
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and
s (M1,M2,M3) =
(
∩
m∈M1
s (m,M2,M3)
)
∩
(
∩
n∈M2
s (n,M1,M3)
)
∩
(
∩
w∈M3
s (w,M1,M2)
)
.
6.2.2 Multivalued Fixed Point Theorems in G-cone Metric
Spaces
First we prove the following lemma.
Lemma 6.2.3. Let (M,G) be a G-CMS, P a cone in a Banach space E,
(i) Let l,m ∈ E. If l 4 m , then s(m) ⊂ s(l).
(ii) Let m ∈ M and M1 ∈ Λ. If 0 ∈ s (m,M1) , then m ∈ M1.
(iii) Let m ∈ P and let M1,M2,M3 ∈ Λ and m1 ∈ M1. If m ∈ s (M1,M2,M3) ,
then m ∈ s (m1,M2,M3) .
Remark 6.2.1. Recently Kaewcharoen and Kaewkhao [77](see also [97]) introduced
the following concepts. Let M be a G−metric space and let HG(., ., .) denote the
Hausdorff G−distance on CB(M); i.e.,
HG(M1,M2,M3) = max{ sup
m1∈M1
G(m1,M2,M3), sup
m2∈M2
G(m2,M1,M3), sup
m3∈M3
G(m3,M1,M2)}
HρG(M1,M2) = max{ sup
m1∈M1
ρG(m1,M2), sup
).
m2∈M2
ρG(m2,M1)}.
G(m,M2,M3) = ρG(m,M2) + ρG(M2,M3) + ρG(m,M3),
ρG(m,M2) = inf{ρG(m,n), n ∈M2},
ρG(M1,M2) = inf{ρG(m,n),m ∈M1, n ∈M2},
G(a, b, C) = inf{G(a, b, c), c ∈ C}.
The above expressions shows a relation between HG and HρG .
Remark 6.2.2. Note that if (M,G) is a G − CMS, E = R and P = [0,∞). Then
(M,G) is aG−metric space. Also forM1,M2,M3 ∈ CB(M), HG(M1,M2,M3) =infs(M1,M2,M3
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Lemma 6.2.4. Let (M,G) be a G− CMS. Then
(a) sˆ ({p}, {q}) = s (ρG (p, q)) for p, q ∈M.
(b) If k ∈ s (p,M2,M2) thes m ∈ 2s (ρG (p, q)) forsomeq ∈M2.
Proof. (a). By definition
sˆ ({p}, {q}) = ∪
p∈{p},q∈{q}
s(ρG (p, q))
= s (ρG(p, q))
(b). Now let
k ∈ s (p,M2,M2) , then
k ∈ s (p,M2,M2) = s (p,M2) + sˆ (M2,M2) + s (p,M2) ,
⇒ k ∈ 2s (p,M2) + sˆ (M2,M2) ,
⇒ k ∈ 2s (ρG(p, q)) + s (θ) .
Let k = n+ l for n ∈ 2s (ρG(p, q)) and l ∈ s (θ)
Then by definition θ 4 l and 2ρG(p, q) 4 n, which implies θ + 2ρG(p, q) 4 n+ l = k.
Hence 2ρG(p, q) 4 k, so k ∈ 2s (ρG(p, q)) .
6.2.3 Fixed Point Theorems in G-cone Metric Spaces
In the following theorem we use the generalized Hausdorff distance on G−CMS
to find fixed points of a multivalued mapping.
Remark 6.2.3. If (M,G) is a G− metric space, then (M,ρG) is a metric space, where
ρG(m,n) = G(m,n, n) +G(n,m,m).
It has been noted in [73] that when (M,G) is symmetric, many fixed point results are
particular cases of some results in the literature for the case of metric spaces. The
83
fact that G(Fm,Fn, Fn) + G(Fn, Fm,Fm) = 2G(Fm,Fn, Fn) = ρG(Fm,Fn) is
exploited for a single valued mapping F on M . In the case of a multivalued mapping
Γ: M → 2M on a G− cone metric space we have
s (Γm,Γn,Γn) =
(
∩
l∈Γm
s (l,Γn,Γn)
)
∩
(
∩
k∈Γn
s (k,Γm,Γn)
)
∩
(
∩
k∈Γn
s (k,Γm,Γn)
)
=
(
∩
l∈Γm
s (l,Γn,Γn)
)
∩
(
∩
k∈Γn
s (k,Γm,Γn)
)
=
(
∩
l∈Γm
2s(l,Γn)
)
∩
(
∩
k∈Γn
s (k,Γm) + sˆ (Γm,Γn) + s (k,Γn)
)
6= s (Γn,Γm,Γm)
Therefore,(
∩
l∈Γm
s (l,Γn)
)
∩
(
∩
k∈Γn
s (k,Γm)
)
6= s (Γm,Γn,Γn) + s (Γn,Γm,Γm)
and, even in the symmetric case, we cannot follow similar technique to deduce G−
cone metric multivalued fixed point results from similar results in metric spaces.
In the non-symmetric case the authors [73] deduce some G− metric fixed point
theorems from similar results in metric spaces by using the fact that, if (M,G) is a
G− metric on M , then
δ(l, k) = max {G(l, k, k), G(k, l, l)}
is a metric onM . In the case of aG− cone metric space, the expression max{G(l, k, k), G(k, l, l)}
has no meaning because G(l, k, k), G(k, l, l) are vectors, not essentially comparable,
and we cannot find maximum of these elements. That is, (M, δ) need not be a cone
metric space, even if (M,G) is a G− cone metric space. We exploit this fact from by
the example given below [37]. Thus in the case of set mappings the work can not be
deduced from existing results.
Example 6.2.1. [37] Let M = {l,m}, E = R3,
P = {(m,n, l) ∈ E : m,n, l ≥ 0}.
Define G : M ×M ×M → E by
G(l, l, l) = (0, 0, 0) = G(m,m,m),
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G(l,m,m) = (0, 1, 1) = G(m, l,m) = G(m,m, l),
G(m, l, l) = (0, 1, 0) = G(l,m, l) = G(l, l,m).
Note that δ(l,m) =max{G(l, l,m), G(l,m,m)} =max{(1, 0, 0), (0, 1, 1)} has no mean-
ing, as discussed above.
Theorem 6.2.1. Suppose that (M,G) is a complete G-CMS and F : M −→ Λ is a
multivalued mapping, if, a function ϕ : P → [0, 1) satisfies
lim
s→+∞
supϕ(rs) < 1 (a)
for some nonincreasing sequence {rs} in P , and if
ϕ(G (m,n, l))G (m,n, l) ∈ s (Fm,Fn, F l) (6.2.1)
for all m,n, l ∈ M , then u ∈ Fu for some u ∈ M.
Proof. Choose an m0 arbitrary element of M . Then for some m1 ∈ Fm0, using
(6.2.1), we have
ϕ(G (m0,m1,m1))G (m0,m1,m1) ∈ s (Fm0, Fm1, Fm1)
Thus, by Lemma 6.2.3 we get
ϕ(G (m0,m1,m1))G (m0,m1,m1) ∈ s (m1, Fm1, Fm1) .
By Lemma 6.2.4, we can find an m2 ∈ Fm1 such that
ϕ(G (m0,m1,m1))G (m0,m1,m1) ∈ 2s (ρG(m1,m2)) .
Thus
2ρG(m1,m2) 4 ϕ(G (m0,m1,m1))G (m0,m1,m1) .
Again, by (6.2.1), we have
ϕ(G (m1,m2,m2))G (m1,m2,m2) ∈ s (Fm1, Fm2, Fm2) ,
and, by Lemma 6.2.3
ϕ(G (m1,m2,m2))G (m1,m2,m2) ∈ s (m2, Fm2, Fm2) .
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By Lemma 6.2.4, there exists an m3 ∈ Fm2 such that
ϕ(G (m1,m2,m2))G (m1,m2,m2) ∈ 2s (ρG(m2,m3)).
Thus
2ρG(m2,m3) 4 ϕ(G (m1,m2,m2))G (m1,m2,m2) ,
which implies that
2ρG(m2,m3) 4 ϕ(G (m1,m2,m2))G (m1,m2,m2) ,
4 ϕ(G (m1,m2,m2))G (m1,m2,m2) + ϕ(G (m1,m2,m2))G (m2,m1,m1) ,
4 ϕ(G (m1,m2,m2))[G (m1,m2,m2) +G (m2,m1,m1)]
= ϕ(G (m1,m2,m2))ρG(m1,m2).
⇒ ρG(m2,m3) 4 1
2
ϕ(G (m1,m2,m2))ρG(m1,m2).
By mathematical induction we construct a sequence {ms} in M satisfying;
ρG(ms,ms+1) 4
1
2
ϕ(G (ms−1,ms,ms))ρG (ms−1,ms) , ms+1 ∈ Fms, for s = 1, 2, 3... (6.2.2)
Assume that ms+1 6= ms for all s ∈ N. From (6.2.2) the sequence {ρG(ms,ms+1)}s∈N
is nonincreasing, so there exists an l ∈ (0, 1) such that
lim sup
s→∞
ϕ(ρG(ms,ms+1)) = l.
Thus there exists an s0 ∈ N such that, for all s ≥ s0, ϕ(ρG(ms,ms+1)) ≺ l0 for some
l0 ∈ (l, 1). Choose s0 = 1. Then we have,
ρG(ms,ms+1) 4
1
2
ϕ(ρG (ms−1,ms))ρG (ms−1,ms) ,
≺ l0ρG (ms−1,ms) ,
≺ (l0)sρG (m0,m1) for all s ≥ 1.
Moreover, for t > s ≥ 1, we have
ρG(ms,mt) 4
(l0)
s
1− l0ρG (m0,m1) .
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From (P1) and (P7) it follows that {ms} is a Cauchy sequence in M . The com-
pleteness of M allows us to find a v ∈ M such that ms → v. Let k1 ∈ N such that
ρG(ms, v) c2 for all s ≥ k1.
We now show that v ∈ Fv. From ms, v ∈M and by using (6.2.2), we have,
ϕ(G (ms, v, v))G (ms, v, v) ∈ s(Fms, Fv, Fv).
By lemma 6.2.3 we have
ϕ(G (ms, v, v))G (ms, v, v) ∈ s(ms+1, Fv, Fv).
Thus there exists a us ∈ Fv, such that
ϕ(G (ms, v, v))G (ms, v, v) ∈ 2s(ρG(ms+1, us)),
which implies that
2ρG(ms+1, us) 4 ϕ(G (ms, v, v))G (ms, v, v) ,
ρG(ms+1, us) 4
1
2
ϕ(G (ms, v, v))G (ms, v, v) ,
4 ϕ(G (ms, v, v))[G (ms, v, v) +G (ms,ms, v)] = ϕ(G (ms, v, v))ρG(ms, v).
Thus
ρG(ms+1, us) 4 ϕ(G (ms, v, v))ρG(ms, v). (6.2.3)
Now consider
ρG(v, us) 4 ρG (ms+1, v) + ρG (ms+1, us) ,
4 ρG (ms+1, v) + ϕ(G (ms, v, v))ρG(ms, v) bn usisg (6.2.3).
≺ ρG (ms+1, v) + ρG (ms, v) ,
ρG(v, us)  c
2
+
c
2
= c, for all s ≥ k1.
Therefore lim
s→∞
us = v. Since Fv is closed, v ∈ Fv. 
The following corollaries are the consequences of our above result. Note that our
results are independent from the results in metric space like [89, 95].
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Corollary 6.2.1. Suppose that G is a complete G-metric on M and Γ : M −→ Λ is a
multivalued mapping. If there exists a k ∈ [0, 1) satisfying
kG (m,n, l) ∈ s (Γm,Γn,Γl)
for all m,n, l ∈ M , then u ∈ Γu for some u in M.
The next corollary is Nadler’s multivalued contraction theorem in a G-cone metric
space.
Corollary 6.2.2. Let (M,G) be a complete G− cone metric space and let F : M −→
Λ be multivalued mapping. If there exists a constant k ∈ [0, 1) such that
kG (m,n, l) ∈ s (Fm,Fn, F l)
for all m,n, l ∈ M , then F has a fixed point in M.
By virtue of Remark6.2.2 we have the following result from [97].
Corollary 6.2.3. [97] Let (M,G) be a complete G-metric space and let Γ : M −→ Λ
be multivalued mapping, if, for a function ϕ : [0,+∞)→ [0, 1) satisfying
lim
r→t+
supϕ(r) < 1
for any non negative real t, if
HG (Γm,Γn,Γl) ≤ ϕ(G (m,n, l))G (m,n, l)
for all m,n, l ∈ M , then u ∈ Γu for some u in M.
Corollary 6.2.4. [97] Suppose that G be a complete cone metric on M and Γ : M −→
Λ is a multivalued mapping. If there exists a k ∈ [0, 1) satisfying
HG (Γm,Γn,Γl) ≤ kG (m,n, l)
for all m,n, l ∈ M , then u ∈ Γu for some u in M.
In the following we formulate an illustrative example regarding our main theorem.
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Example 6.2.2. Let M = [0, 1], E = C1R[0, 1] with norm ‖h‖ = ‖h‖∞ + ‖h′‖∞ and
P = {m ∈ E : 0 ≤ m(t), t ∈ [0, 1]}.
Then the cone is non-normal. Define G : M ×M ×M → E by
G(m,n, l)(t) = Max{|m− n| , |n− l| , |m− l|}et
Then G is a complete G-CMS.
Proof. Define Γ : M → Λ by
Γm = [0,
1
10
m]
Let ϕ (t) = 1
5
for all t ∈ P. The contractive condition of the main theorem is trivial
for the case when m = n = l = 0. Suppose that all m,n and l are nonzero and
m < n < l. Then
G(m,n, l) = |m− l| et,
and
ρG(m,n) = 2 |m− n| et.
Now
s(m,Γn) =
{
0 if m ≤ n
10∣∣m− n
10
∣∣ et if m > n
10
s(n,Γl) =
{
0 if n ≤ l
10∣∣n− l
10
∣∣ et if n > l
10
.
For s(m,Γn) = 0 = s(n,Γl) we have
s (m,Γn,Γl) = s(0),
∩
n∈Fn
s (n,Γm,Γl) = s(2
∣∣∣ n
10
− m
10
∣∣∣ et),
and
∩
l∈Fl
s (l,Γm,Γn) = s(2
∣∣∣∣ l10 − m10 − n10
∣∣∣∣ et).
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Thus
s (Γm,Γn,Γl) = (s(0)) ∩
(
s(2
∣∣∣ n
10
− m
10
∣∣∣ et)) ∩ (s(2 ∣∣∣∣ l10 − m10 − n10
∣∣∣∣ et)) .
Now, if
If s (Γm,Γn,Γl) = s(2
∣∣∣∣ l10 − m10 − n10
∣∣∣∣ et), then
2
∣∣∣∣ l10 − m10 − n10
∣∣∣∣ et ≤ 2 ∣∣∣∣ l10 − m10
∣∣∣∣ et, for t ∈ [0, 1],
=
1
5
|l −m| et = 1
5
Max{|m− n| , |n− l| , |m− l|}et,
=
1
5
G(m,n, l).
If
s (Γm,Γn,Γl) = s(2
∣∣∣ n
10
− m
10
∣∣∣ et),
2
∣∣∣ n
10
− m
10
∣∣∣ et ≤ 2 ∣∣∣∣ l10 − m10
∣∣∣∣ et, for t ∈ [0, 1],
=
1
5
G(m,n, l).
Hence
1
5
G(m, l, n) ∈ s (Γm,Γl,Γn)
All of the assumptions of Theorem 6.2.1 are also hold for other possible values of
s(m,Γm) and s(n,Γl) to obtain 0 ∈ F0.
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